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HERMITIAN TRANSFORMATIONS OF DEFICIENCY-INDEX (1,1), 
JACOBI MATRICES AND UNDETERMINED 
MOMENT PROBLEMS.* 


By Hans Lupwig HAMBURGER. 


CONTENTS. 
INTRODUCTION. 
CuapTer I. The resolvent of self-adjoint extensions of a closed Hermitian 
prime transformation of deficiency-index (1,1). 


Construction of closed Hermitian prime transformations of 


deficiency-index (1,1). 
2. The function C(x). 
3. Proof of a lemma. 
4. Analytic representation of the resolvent. 


‘ 


CuarTerR I]. The undetermined moment problem. 
The Jacobi matrix of deficiency-index (1,1). 
The element 
The codrdinate system of the Jacobi matrix. 
. The construction of all undetermined moment problems. 


APPENDIX. Remarks on integral functions of the class M. 


INTRODUCTION. 


0.1. M. H. Stone has proved! that every self-adjoint transformation 
with simple spectrum can be represented as a self-adjoint Jacobi matrix. In 
the present paper we answer the question: when can a closed Hermitian prime 
transformation ° of deficiency-index (1,1) be carried into a Jacobi matrix of 
deficiency index (1,1)? In other words: If ac. H.p.t. H of d.i. (1,1) is 

* Received March 18, 1943. 

1 [8], p. 282, Theorem 7. 13. 

* See the definition of prime transformations in [2], p. 119, §7, and [3], p. 79, 
Definition 2. See the definition of deficiency-index in [4], p. 87, Definition 15; or 
[8], p. 81, Definition 2.21; p. 338, Definition 9. 1. 

*The abbreviations ‘c.H.p.t.’ and ‘d.i’ will be used, respectively, for ‘ closed 
Hermitian prime transformation’ and ‘ deficiency-index.’ 
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490 HANS LUDWIG HAMBURGER. 


given, we state the necessary and sufficient conditions for the existence of a 
complete orthonormal set of elements w,, such that 


(Hw, Un) = = 0 for | | = 2; 
If we put dup = 4p, = = bp, then the form the Jacobi matrix 


0 


0.11 J = y) 
( ) &» & 


The problem dealt with in this paper differs completely, as one might expect, 
from the case of the self-adjoint transformation and leads to new restrictive 
conditions for the c. H.p.t. H. The final result is given in Theorem 3, 7. 5. 


0.2. A further result of Stone * implies that the spectrum of every self- 
adjoint extension of a closed Hermitian transformation J defined by a Jacobi 
matrix of d.i. (1,1) is simple, and consists only of an infinite number of 
isolated points. Moreover, since two different self-adjoint extensions of J 
have no characteristic value in common,’ J is also prime; for otherwise ® there 
would be at least one characteristic value and one characteristic solution 
belonging to every self-adjoint extension of J. Therefore, in what follows, 
we can confine our investigations to c. H.p.t.’s H of d.i. (1,1) whose self- 
adjoint extensions have spectra consisting only of an infinite number of 
isolated points. 

In 1 we give a method for constructing all these transformations H, 
making use of our general results on c. H. p.t.’s of d.i. (1,1) which we have 
developed elsewhere.’ From this we derive in 2-4 a new representation for the 
resolvent R,* of any self-adjoint extension H,' = Ht —al of H, viz., 


Here f is any element of the Hilbert space § in which H is defined, ¢ is a real 
variable such that, if ¢ runs from — © to + , we obtain the resolvents of 


* [8], 585, Theorem 10. 41. 

5 This follows from [8], p. 585, Theorem 10. 41. 

* This readily follows from the definition of a prime transformation. 
7 See 2 and 3. 
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all self-adjoint extensions Ht of H. r(x),q(x),u(x), v(x) denote four integral 
functions with real roots determined by H ; ¢*(a) is a characteristic solution 
of H*, the adjoint transformation of H, which is normalized in a special way 
and belongs to the characteristic value z, so that 


= 0. 


As we have, shown elsewhere,® this equation has one solution for every 2, real 
or non-real. Finally, Sz is a bounded Hermitian transformation which is 
independent of ¢, such that (S.2f,g) is an integral function of z for every 
pair of elements f, 9 of §. 

The representation (0.21) readily leads to an expansion in a series of 
partial fractions 


where the A,(¢) denote the roots of g(x) + tu(a), and — p,(t) the residue of 


at the pole 7 = A,(t). 

In 5 we give a summary of all those properties of Jacobi matrices of 
d.i. (1,1) which we use in our further development. This leads, in 6,7, to 
the statement of the necessary and sufficient conditions for carrying the 
c.H.p.t. H of d.i. (1,1) into a Jacobi matrix of d.i. (1,1). 


0.3. Every Jacobi matrix is associated with a power series Cy/x” 
> 3 
p=0 


where co=1. This power series, whose radius of convergence can be zero, 
is characterized by the fact that, by a familiar formal procedure, it can be 
expanded into an infinite continued fraction ° 


(0. 31) 1 |? |_ | 


where the ay and by are the elements of the matrix (0.11). If, and only if, 

the power series »} (c,/e’*t) can be expanded into a continued fraction 
v=0 


(0.31), the sequence of coefficients {cy} defines a moment problem; 7° i.e. a 
monotone-increasing function p(A) such that 


§ [2], p. 120, Theorem 5; [3], p. 94, Theorem 11. 

°See e.g. [1], I, pp. 247-249. For further references see loc. cit., p. 247, foot- 
note (16). 

1°[1), I, pp. 266-276, especially, Definition III, p. 274. See also [8], p. 606. 
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+00 
(0. 32) f N’dp(A). 
-00 


The function p(A), in the case of a linear material distribution, can be inter- 
preted in physical terms as the mass lying in the interval — o,- - -,A. 

The moment problem is called determined if there is a unique function 
p(A) satisfying (0.32). This coincides with the case in which the Jacobi 
matrix J associated with the sequence {cv} is self-adjoint.11 The moment 
problem is called undetermined if (0.32) has more than one solution p(A). 
In this case the associated Jacobi matrix J is of d.i. (1,1), and there are an 
infinity of solutions »(A) which are step-functions,’* so that we can write 
(0. 32) as an infinite sum 


Xx 
Cv = D pada’, (Ha > 0). 


a=0 

Since every Jacobi matrix of d.i. (1,1) is associated with a sequence {cy} 
defining an undetermined moment problem, and vice versa, the problem of 
determining all sequences {cv} which define an undetermined moment problem 
is equivalent to that of constructing all c. H. p.t.’s of d.i. (1,1) which can be 
carried into a Jacobi matrix of d.i. (1,1). Thus the answer to the question 
put at the beginning of 0.1 leads to the following Theorem concerning the 
undetermined moment problem, proved in 8: 

THEOREM 4. We consider the class X of all integral functions q(x) of 
finite order whose roots are all simple and real, which are real for real x, and 
which fulfill the conditions 


Q(t) Y (Aa) (@— Aa)’ 


k 
(k =0,1,2,---). 


Then we find all sequences {cv} defining an undetermined moment problem 
by associating with any q(x) of class M% any sequence {ua}, pa > 0. such that 


Ha = 1, Hara” < 0, 1,2,: 0), 
a=1 a=1 
, a, > , Y\2 
Ma(’ (Aa) )? a=1 Pada” (Aa) )* 


If we put 


11 [8], p. 559, Theorem 10. 30. 
121], III, p. 169, Theorem xxix. See also [8], p. 545, Theorem 10. 27. 
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00 
Cy > bard, (k = 0, i, 2, oo), 


a=1 
the sequence {cx} defines an undetermined moment problem. 
The sequence {a} satisfies all given conditions if, x, and «, being two 
positive constants, we have 
K 
(q' (Aa) ) (q (Aa) ) 


0.4. In the Appendix we derive from a Theorem of Titchmarsh ™ 
Theorems 5a and 5b, in which we give a sub-class of functions belonging to %. 


Let q(x) be an integral function of order p, real for real x, having real 
roots Ag. Let y be any positive constant, n,(r) the number of the positive roots 
da Sr, and n.(r) the number of the negative roots for which —da Sr. Then 
q(x) belongs to XM if 

(i) ~ yr, no(r) =0,0< p< }, 
or (ii) ni =0, no(r) ~ yr?, < p < 
or (ili) my ~ ~ p <1. 


CHAPTER I. 


The resolvents of self-adjoint extensions of a closed Hermitian prime 
transformation of deficiency-index (1,1). 


1, Construction of closed Hermitian prime transformations of de- 
ficiency-index (1,1). 


1.1. Let {Aq} =0,1,- - ©) be any infinite set of real numbers 
which have no finite limit point and which are all different one from another 
and let yq be any complete orthonormal set of elements of the Hilbert space §. 
Then 


= (Aa —- ©) (f, xe) Xa 


is a self-adjoint transformation, and 


(9; Xa) 


hog = 


a=1 


is its resolvent. Here g denotes any element of and f an element such that 


13 [9] and [10], pp. 271-272, § 8. 64. 
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(f, xa) |? < 


(1. 11) 2 Aa” 


The set of all elements f satisfying (1.11) is the domain D° of H® and the 
spectrum of H° consists only of the set of the Ag, which are all characteristic 
values of the first order. 


1.2. In order to determine a contraction H of H°® which is prime and 
of d.i. (1,1), we consider an element 


(1. 21) 
Aa— 
the Q, being complex constants + 0, such that 


Thus, by the general theory developed elsewhere, we obtain the domain @ 
of H as the set of all elements f = R_;g where g is any element of § satisfying 
the condition (g,@(i) =0. Hence, for all fe®, 


(1.23) (if, ®(i)) => (f, xe) Ba = 0. 


The domain ® is evidently a subset of D°. In this way we can construct all 
closed Hermitian prime transformations of d.i. (1,1) whose self-adjoint 
extensions have a spectrum consisting only of an infinite number of isolated 


points. 
Let H* be the transformation adjoint to H and D* its domain. Then, in 
virtue of the general theory Joc. cit.*, D* = D° + M, where Mt denotes the 


linear manifold spanned by We have further, by (1. 23), H*;@(i) = 0, 
and, more generally, 


(1. 24) H*,@(z) =0, for every 2=£dAgq. 
If Q, = | Q, | we put = Then the x*, form a complete 
orthonormal set just as well as the ya, and ®(2z) can be represented in the form 


®(r) = | Qa | x" 
a=1 Aa — 


It is therefore no restriction if we assume henceforth that the Q, in (1. 21) 


are all positive numbers. 


14 [2], pp. 121-125, Theorem 6; [3], p. 84, Theorem 7. 
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1.3. If foxa, we define a conjugation J by 
a= 
Jf 2 faxa- 


Then H is real with respect to the conjugation J, since Jf «D if fe D, because 
of (1.23) and 2, > 0, and since, moreover, 


oO oO 
JHf = J > = Acfaxe = Hf. 
a=1 a=1 


for every element f of D. By a theorem of Stone ** every self-adjoint extension 
of H is also real with respect to the conjugation J. 


2. The function C,(x). 


2.1. We write q(x) = e¥')II(z) where F(x) denotes any integral func- 
tion, real for real x, and where II(x) denotes Weierstrass’s canonical product 
having the Ag as roots. We put, furthermore, 


(2.11) *(z) = q(x) P(r), = 

(2. 13) v(x) =— q(x) 04° 2), 


where the series (2.13) converges for every x £Aq by (1.22); thus v(z) is 
also an integral function. Since ¢*(z) is defined by (2.11) for every x ana 
is everywhere ~ 0, we have p(x) > 0 for every x (2.13) implies that v(z) 
as well as g(x) + ¢v(x) have only simple real roots. 

We obtain, moreover, from (2.11) and (1. 21) 


(p* (x), d*(y)) = g(x) (®(z), ®(y)) 

a— 7) (Aa — 


r—y 


= 49(2)q(9) & 


(x), 


15 [8], p. 357, Definition 9. 7. 18 [8], p. 361, Theorem 9.14, (2). 
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g(x) — 
(2.15) 


q’(x)v(x) —v’(x)q(x) for real 2, 


9 : , 2 


by (2.13), 


for non-real 2, 


(2. 17) (Aa) = — (Aa) 


by (2.11) and (1. 21), 


q(x)v(¥)— 


=| 


(2.18) (¢(2),6(y)) = u(y) 


2.2. As we have shown elsewhere,’ an m-th order matrix C'() is defined 
by any self-adjoint extension H® of a c.H.p.t. of d.i. (m,m) and is given 
by the formula ** 


210 (x) = (x + 1) 1) — —1) U*. 


Here denotes the matrix with the element (uv = 
1,2,---,m) and U denotes the unitary matrix which, by von Neumann’s 


theory,’® determines the extension H®. If m=—1, C(x) and U contain only 


one element, and we have U = e®, U* = e-‘®. Hence 
= (x + i) (6(2), 6(—i)) 
and, by (2.12) and (2.18), 
2i09(2)—= Vala ala) (g(a) (v(—i)— — (q(—i)— 


If we put 


g(—1t) — e-q(t) + tv(— 1) 
v(—1t) q(t) + tv(r) 
y(t) = Vals) (v(- 7 
24 (q(t) + 


we obtain finally 
Cg (x)= C(x; 4)= y(t) V tv (2) + 
V (g(i) + te(i)) 
V p(x) v(2) 
V w(t) v(t) 


17 [2], p. 117, Theorem 1; [3], p. 68, Theorem 1. 
18 [3], p. 71, formula (13.6). 1? [4], p. 82, Satz 25, and pp. 89-91, § VIII. 
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3. A preparatory lemma. 


3.1. Lemma 1. If Ht denotes that self-adjoint extension of the 
c.H.p.t. H of d.i. (1,1) which determines C(x; t), and if R,* denotes its 
resolvent, then 


for every f of S. Here p(a,t) is, for every real t, an integral function of x, 


real for real x, and S, is a bounded linear transformation with domain §, 
such that (S:f,g) = (f,S2g) is an integral function of x for every pair of 
elements f,g of 


Proof. If R, is the range of H., then, by von Neumann’s Theory,”° Ri, is 
the closed linear manifold of all elements hz of § satisfying the condition 


(3. 12) (hz, =0. 


The equation //,4 —0, furthermore, has no solution y 0 where we 2D, for 
otherwise the transformation H would not be prime.* This implies the 
existence of a transformation S, defined in R, and carrying R, into D, such 
that 

S,H.f = 8,H,'f =f, = = ha, 


ii feD and h,eR.. From this we obtain 
(3. 13) = 


for every of and every real ¢, t = included. 
We now show that 


1 . 
3. f — R, tof = 
for We can write f in the form f=h, + (f,6(%))6(Z), where hr e 
satisfies condition (3.12). Since, by (3.13), (Rt — Rz')h,=0 for every 
element h, of R,, (3.14) holds evidently for f = h,, and has, therefore. to be 
proved only for f—¢(#). By a theorem proved elsewhere ** we have 


(3.15) (y —2)R,'4(y) — 
C(2z; 
*0 [4]. p. 85, Theorem 28; [8], pp. 143-144, Theorems 4.15 and 4. 16. 
“1 This readily follows from the definition of a prime transformation given in [2] 
and [3], loc. cit. 
p. 117, Theorem 1; p. 6S, Theorem 1. 


= 
— 
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If we put y = Z we obtain from (3. 15) 


(— 2) — Rah = — (Ge 


which is the desired result (3.14) for f = ¢$(Z). 
By (2. 21), however, we have 


C(#3t) + 
C(z;t) q(x) + tv(2)’ 


and this implies 


1 (t — to) (q(x) v(@) — v(a)q(@)) 
t — ty 


because of (2.15). By substituting this expression in (3.14) and by (2. 12) 
we are finally led to 


Ratf — — M (2; t, to) 
where 
(3. 17) M (a; t,t.) = t— to 


(q(x) + to(x)) (q(x) + tov(z)) 


M (a; t,t,)) is a meromorphic function, which, for t ~ to, has poles of the first 
order at the roots = A,(t) of the integral function g(x) + tv(x) and at 
the roots =A,g(t,) of the function + tov(z). 


3.2. We now determine a meromorphic function m(2;t)) which has 
only simple poles at x—A,g(t.) with the same residue as — M(z;t, ty). 
m(x;t,) is determined save for an additional term s(2z), s(x) being an 
integral function of z. Moreover, if we put 


(3. 21) m(x;t) = m(z;t,) + M(az;t, to), 


then m(xz;t) has simple poles only for —Ag(t) (t~t)) with the same 
residue as M(2z;t,t)). Hence we can write 


p(x; t) 
q(x) + tu(zx) 


where p(z;7) is an integral function of x for every f. 


(3. 22) m(x;t) = 


( 

Ww 

( 

I: 

( 

Ww 

i. 

i 

( 
( 

| 
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We now define a bounded linear transformation T,' by 


p(x; t) * 


which implies by (3.16), (3.21) and (3. 22) 


(3. 24) — = — Ref. 
If we put 
(3. 25) . Sot — Rot — Tet, 


we obtain from (3. 24) 


i.e. the bounded linear transformation S,* does not depend on ¢, and therefore 
we can write S, instead of S,'. m(zx;t.) being undetermined implies that S.f 
is also undetermined to the extent of an additional term of the form 


(3. 26) S(x) (f, 


On the other hand, 
(S2f, 9) T,')f, g) 


is an integral function of x for any f,ge%; for (i) (Rz'f,g) is a mero- 
morphic function of « whose poles are the characteristic values of the self- 
adjoint extension H*. These are, however, by a theorem proved elsewhere ** 
the zeros of C(x;t), i.e. Ag(t) because of (2.21); (ii) if Ma(t) is the 
residue of M(a; t,t.) at the pole x —A,(t), then, by (3.16), the residue of 
(Ro‘f,g) equals Ma(t)(f,$*(Aa(t)) (p*(Aa(t)), 9); (ili) (f,¢*(4)) and 
(¢*(x),g), being integral functions by (2.11), (Tz'f,g) is a meromorphic 
function by (3.23) with simple poles at x—A,(t); (iiii) The residues of 
(R.'f,g) and (T.'f,g) at the poles x —Ag(t) coincide, because m(x:¢) and 
M(az;t,t)) have the same residues at t= A,(t). 

We obtain furthermore from (3.23) (T.'f,g) = (f,Ts‘g) which, by 
(3.25), implies (S.f,g) = (f, 82g). (3.23) and (3.25), finally, lead to 
(3.11), which completes the proof. 


4. Analytical representation of R,*. 


4.1. By substituting in (3.21) the expressions for M(x; t, to), m(x; t) 
and m(z;t,) given by (3.17) and (3. 22), respectively, we are led to 


*3 [2], p. 120; [3], pp. 88-89, Theorem 9. 
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(4.11) (q(x) + tov(x)) p(w; t) — (q(x) + p(w; to) bo, 


If we put 
tp = 0, p(x;0) = p(z), 


we obtain from (4. 11) 


q(x) p(x; t) — (q(x) + tu(x)) p(x) =t, 


+1 
p(v;t) = +i q(x) 


Since p(x; 7) is an integral function of 2 for every real t, 


u(r) (t)p(z) +1 
is also an integral function; moreover, we have 


(4. 12) p(w; t) = p(x) + tu(2), 
(4. 13) u(x)q(x) —- p(x)v(z) =1 


Thus, by (4.12), we obtain from (3.11) the final expression for R,', namely, 


(4.14) f= Sef + 
S.f being determined save for a term of the form (3.26), p(a) and u(x) 
are determined save for additional terms —s(zx)q(z) and —s(zx)v(z) 
respectively. 


4.2. The general theory of the resolvents *4 yields for Rz' also a repre- 
sentation by partial fractions, which we derive readily from (4.14). By 
(4.14) we notice that (R,'g,f) has its poles at the roots x—A,(t) of q(x) 
+ tv(z) with the residue 


P(Aa(t)) + tu(Aa(t)) ‘ 


Since ¢ = — net we have, by (2.15) and (4.18), 


p(Aa(t)) + tu(Aa(t)) plAa(t) )v(Aa(t) ) — q(Aa(t) )u(Aa(t) ) 
— p(Aa(t)) 


(Aa(t)) + te’(Aa(t)) — (a(t) (Aa(t)) 


244], pp. 91-96, §IX; [8], p. 176, Theorem 5. 7. 


= 


HERMITIAN TRANSFORMATIONS, JACOBI MATRICES, MOMENT PROBLEMS. 501 


From this we obtain 


H(Aa(t)) 


(4.22) = & (Aa(t) — m(da(t) ) (9, (Aa(t)) (Aa(t)), 
which implies that the spectrum of the self-adjoint extension H' consists only 
of the characteristic values Ag(t), to which the characteristic solutions 
¢*(Aa(t)) correspond. Therefore, for every fixed real value of ¢ as well as 
for t = o, the ¢(Aq(t)) form a complete orthogonal set by (2.11). 

We summarize the result of this Chapter in 


THEOREM 1. Let H beac. H.p.t. of d.t. (1,1), such that the spectrum 
of one of its self-adjoint extensions consists only of an infinite number of 
isolated points. Then there exist four integral functions p(x), q(x), u(2), 
v(x) which satisfy (4.13) and which determine the resolvents R,* of all self- 
adjoint extensions H,* by (4.14) and (4. 21). 


4.3. Remark. Ae we have noticed in 2.1, the function q(x) is un- 
determined to the extent of a factor e*'*), If, therefore, we replace g(x) by 
q 
where F(a) denotes an integral function, real for real 2, and set 

== ef (2), 


v 
p(x) = u(x) = eF(2)y (zx), 


we notice readily that the representations (4.14) and (4.21) for R.,' 
remain unchanged if we replace p, u, g, v, p by p, U, J, U, respectively. 


CHAPTER II. 


The undetermined moment problem. 


5. The Jacobi matrix of deficiency index (1,1). 


5.1. In this Chapter we give a development which leads to the necessary 
and sufficient conditions that a c. H.p.t. H of d.i. (1,1) can be carried into 
a Jacobi matrix of d.i. (1,1), considering that the determination of all Jacobi 
matrices of d.i. (1,1) results in the construction of all undetermined moment 
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problems. We first give a summary of the main properties of Jacobi matrices 
of d.i. (1,1). 

Let J = (dy) be an infinite Jacobi matrix of the form (0.11); then 
J determines a linear transformation H* in the concrete Hilbert space %, 
of all vectors 


co 
9 = (91) 92° = 
p=1 


with > | gv Here the w, denote a complete orthonormal set in §, 
y=1 


forming the codrdinate-system of the vector-space §o. We put 


which holds for every vector of a domain D* defined by the condition that 


| aurgy |? < 


Let f be a vector, such that 
(5. 12) (H*f,9) = (f, H*9) 


for every g of D*, and let the subset D of D* be the domain of all vectors f 
satisfying (5.12). If H is the transformation with domain D which coincides 
with H* in D, so that H C H*, then H is ac. H.p.t., since (Hf, f’) = (f, Hf’), 
it f and f’e®. 

It is no restriction to assume henceforth that by > 0; for if by = | by |e», 
then, by a suitable transformation of the codrdinate system, wy = eu’, where 


y-1 
6,=0, Be (v= 2), we can always reduce any matrix J to a Jacobi 
K=1 
matrix J’ with elements a’y = dv, b’y = | by |. 
The supposition that J is of d.i. (1,1) implies that there are elements 
g of D* which are not elements of D. Moreover, by a remark made at the 
beginning of 0.2, H is a prime transformation. 


5.2. We now introduce * an infinite sequence of polynomials G,(a) of 
degree n — 1 determined by the recursion formulae 


Gi(z) =1, 6,G2.(7) +a,—zrz=—0 
bn-1Gn(Z) (Gn-1 x) Gin-1 (2) + bn-2Gn-2(2) == () (n 3). 


25 [8], p. 531. 


] 
| 
t 
( 
(| 
‘I 
< 
( 
W 
( 
\ 
( 
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It then follows *° from J being of d.i. (1,1) that > | Ga(x)|? << o for any 


real or complex x. If we put > 
(5. 22) —2| Gn(z) |’, 
(5. 23) (2) = Gy (x) uv, 

(5. 24) $(t) = $*(z), 


the equations (5.21), by (5.11), can be written as 


We furthermore determine a second sequence of polynomials, H,(x), of 
degree n — 2 by the recursion formulae *7 


5 26 H,(z) =0, =—1 
. 26) + (dna + =0 


oO 
Then, as a consequence of our supposition concerning J, we have > | Hn() |? 
n=1 


<o. If we put 

oo 

(5. 27) y (x) = Hy w, 
y=1 


we are led by (5.11) and (5.26) to 
(5. 28) H* W(x) = — 


Moreover, we obtain the following equations ** 
(5.29) (c—y) Gr(y) = Gn(y) — Gai (y)), 
y=1 


(5.210) 1+ (x —y) (x) Ho (y) (Gnas (2) (y) — (9), 
(5.211) 1 = (Gai — Gn(2)). 


We readily verify that the vector u,, as well as the vectors u*,,,; = H*u, 
for every integer 7, belong to D, since only a finite number of codrdinates of 
268], p. 546, Theorem 10.27. See also [1], I, p. 301, Theorem XVII; II, p. 136, 
Hilfsatz 7; [5], pp. 21-23. 

27 [8], p. 539, Theorem 10.25 (1). 
28 [1], I, p. 256, formulae (39), (40); [8], p. 536, Theorem 10.24; p. 540, Theorem 
10.25 (2). 


n 
Yo 
H*,4*(x) = 0. | 
(5. 25) 
| 
| 
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these vectors are £0. This implies by (5.23) and (5.25), for & = 0,1, 2, 
(5. 212) (p* (x), H*u,) = (H*$* (2), 

== (x), U1) = a*G, (xz) = 
The codrdinate vectors uy can now be obtained by orthogonalizing the vectors 
u*x., (by E. Schmidt’s familiar procedure). 


Finally we notice that Hn (@) can be expressed as a continued frac- 
tion *° by 
Ans (2) 1 | b,* | | 
d. 213 = — 
) Gass (2) | a,— wv | As — | (n 


which is an approximant of (0.31). 
5.3. We now put *° 


= bn( Gn(0) — Hn (x) Gnir(0)), 
Qn(@) = bn( (2) Gn (0) — (0) ), 

= bn( Hn (2) Hn(0) — Hn (x) (0)), 
Vn = bn( Gnesi (%)Hn(0) — Gn(@) Hn (0)), 


so that by (5. 211) 
§ P»(0) = — 1, Qn(0) 0, 
1 Un(0) =0, V,(0) =1. 


Then we obtain readily by (5.29), (5.210) and (5. 211) 

(5.32) Qn(%)Vn(y) — Vn(2)Qn(y) = bn( (%) — Gn (2) (y)) 
— (7 —y) Gr(y), 

(5.33) Qu (2) Un(y) Va(2)Paly) = 1+ (0—y) 

(5.34) Qn(x)Un(2) —Vn(2)Pn(x) = 1. 


Moreover, in the case where J is of d.i. (1,1), we have four integral func- 


tions p(x), g(v), u(x), such that ** 


2° [8], p. 540, Theorem 10.25 (5). 

89 [8], pp. 543-544, Theorem 10.26. See also [1], I, p. 254, formula (27); [1], I, 
121, formula (4). Here the four polynomials are denoted by G,, H, 
respectively. 

31 The existence of the four functions p, g, vu, v has been proved first in [1], where 
they are denoted by 1, s, g, h respectively. See [1], I, p. 310, Theorem xix; [1], I, 


p- 139, Theorem xx, p. 141, Theorem xxi; [5], pp. 30-31; [8], pp. 565-567, Theorem 10.33. 
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lim = p(2), lim Qn(x) =q(2), 


(5. 35) 
lim = u(2), lim (2) = v(z) 
L nx 


for any complex x. This implies, however, by (5.31), (5.32), (5.33) and 
(5. 34), respectively, 


p(0) =- 1, q(0) = 0, 
(5. 37) g(x) v(y) —v(a)q(y) = (e—y) Gv (x) Gv(y) 
= (x — y) ($* (x), o*(9)), 
(5. 38) for non-real wr, 


—v'(x)q(x) for real 2, 
(5.39) q(x)u(x) — v(x) = 1, 
(5.310) q(x)w(y) — v(x) p(y) =1 + (w@—y) 
p=1 
—14+ (e—y) ($*(2), ¥(9)), 
because of (5.23) and (5.27). All four functions p(z), q(x), u(x), v(x), 


moreover,** have only simple real roots and are of order 1. 


5.4. We now consider the meromorphic function of x 
g(x) + to(e) 
p(x) + tu(2) 


for every real  (— 0 <t= This function has simple poles at the roots 


(5. 41) m(x; t) 


t =Ag(t) of g(x) + tv(x), which are all real. The residue for 7 = Ag(t) is 


p(de(t)) + tw(re(t)) 3 
because of (5.38), (5.39) and — Moreover, can be 


(5. 42) m(«;t)=> 


and is represented in the sectors 
*2 11], I, pp. 315-318. A more exact result is given by M. Riesz in [6], III, pp. 
37-44, where he proves that M(*) < yeer for every € > 0. Here M(r) denotes the 
maximum modulus of any of the four functions p, q, uv, v, and y denotes a constant. 
71], III, p. 169, Theorem xxix; [8], p. 569. 


expanded in a series of partial fractions ** 

a=1 Aa(t) - 
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by the asymptotic power series * 


(5. 43) cy (Aa(t)) (Aa(t))" Co =1, 


where the c, do not depend on ¢. The power series (5.43) can be expanded, 
by a familiar formal procedure, in an infinite continued fraction (0.31) whose 
coefficients ay, by coincide with the elements of the Jacobi matrix (0.11). 

The cy appear in (5.43) as the moments of »v-th order of a distribution 
of masses which, for any real value of ¢, concentrates the mass p(Aq(t)) in 
the point Ag(t). Since we obtain from (5.43) different distributions of 
masses for different values of ¢, the moment problem defined by the sequence 
(5.43) of coefficients {cy} is undetermined. Conversely every undetermined 
moment problem leads to a Jacobi matrix of d.i. (1,1) by expanding the 
power series (5.43) in the associated infinite continued fraction (0.31). 

The undetermined moment problem defined by the sequence {cv} has 
solutions other than the solutions (5.42). However, the most general solution 
of this problem, which has been given first by R. Nevanlinna,** can also be 
expressed by the p(x), (7), u(x), v(x), so that every solution of a given 
undetermined moment problem is known, when these four functions are 
determined. The solutions (5. 43), moreover, have the special property °** that 
the mass of every other solution 


which is concentrated in the point A =A,g(t), is < w(Aa(t)). Therefore we 
call the solutions (5.43) maximal distributions of masses. 


5.5. Finally we obtain the resolvents of all self-adjoint extensions of H 
defined by the Jacobi matrix J of d.i. (1,1) by putting *” 


Thus we notice that every solution of the moment problem which consists of a 
maximal distribution of masses is associated with the resolvent of one of the 


*4[1], L, p. 268, Theorem ix, p. 287; Theorem xiii; [5], pp. 45-49; [8], p. 546, 
Theorem 10. 27 (3). 

55 [5], pp. 33-34, p. 52. See also [8], p. 577, Theorem 10. 38. 

*6 [1], III, p. 169, Theorem xxix. 

°7 [8], pp. 581-582, Theorem 10. 39 (5). 
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self-adjoint extensions of H. If H,t = (R,')-1, then the Ag(t) and $*(Aq(t) 
furnish all characteristic values and characteristic solutions of H*, respectively. 


5.6. If we compare the functions p(x), q(x), u(x), v(x) of Theorem 1, 
4,2, with the functions (5.35), we notice that the equations (2.14) and 
(4.13) coincide respectively with (5.37) and (5.39). The functions of 
Theorem 1, however, do not necessarily satisfy the equations (5.36). There- 
fore we introduce the functions 


(5.61) P(x) = v(0)p(z) —q(0)u(z), = u(0)p(z) — p(0)u(z), 

q(x) = v(0)q(x) —q(0)v(x), u(0)q(z) — p(0)v(z), 
which satisfy (5.36) by (4.13). If we try to express the function (3. 22) 
in terms of p(x), 9(x), u(x), o(x), we obtain 


(x) + tu(z) 
(x) + ’ 


+ ép(0) 
v(0) + fu(0) 


Thus the functions p(x), G(x), W(x), &(x) correspond exactly to the func- 


tions (5. 35). 
On the other hand, we readily verify that, by (4.13) and (5.61), 


+tu(z) p 
Y 


where 


(x) (x) —¥ (a) = q(x) v(x) — q(2), 
| — p(y) = g(x) u(y) — p(y)- 


(5. 62) 


From this it follows, by (2.15) and (5.42), that the representation (4.21) for 
R,tg has already the desired form (5.51), if we interpret the Ag(¢) in (4. 21) 
as the roots of 9(x) + tv(z). 


5.7. In order to carry the c. H.p.t. H of d.i. (1,1), defined in 1.2 and 
1,3, into a Jacobi matrix, we first try to determine an element y(z) satisfying 
the equations (5.310) considering that, as we have seen in 5.3, every Jacobi 
inatrix implies the existence of such an element. By (5.62) we can sub- 
stitute the functions of Theorem 1 in (5.310) for g(x), v(x), p(y), u(y). 

Afterwards we have to construct a complete orthonormal set wy, which 
carries the transformation H into a Jacobi matrix by 


(Hw, Up) = (ay,v) = J, 


ed, 
Ose 
ion 
in 
of 
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ed 
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| 
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and which furnishes the codrdinate system of the vector-space § . We shall 
be led to u, by formula (5.28) and to the other elements we, us,- + + by an 
argument referring to (5. 212), which was given by M. H. Stone.** 


6. The element Y(x). 


6.1. Henceforth we use the abbreviations 
ga(t) = P(Aa(t)), d*a(t) = *(Aa(t)), malt) =p(Aa(t)). 


THEOREM 2. Let Hf be ac.H.p.t. of d.t. (1,1) which fulfills the sup- 
position of Theorem 1 and let p(x), q(x), u(x), v(x) be the functions defined 
in Theorem 1. Then there is an element u(x) of © satisfying the equation 


u(x)q(y) —p(x)v(y) —1 


(6. 11) (x), = 


tf, and only if, 1/q(x) has an expansion in a series of partial fractions, 
such that 


1 1 1 
q(t) gy) (Aa) (Aa — 2) (Aa — y) 
and if 
(6. 13) 
a-1 
Moreover, W(x) has the form 
(6.14) (2) = p(x) ®(2) 
a=1 


Proof. In order to show first that y(x), if it exists, is necessarily given 
by (6. 14), we put 


considering that, by a remark at the end of 4.2, the ¢g form a complete 
orthonormal set. We then obtain from (6.11), by (2.12) and (2.16), 


_1+ 


Aa— 


(v(x), $2) — _ 
Pa 


a 


58 [8], pp. 285-286. 
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(6.15) He) = + BOD) 


By (1.21) and (2.17), on the other hand, we have 


o(2) 


which shows that (6.15) and (6.14) coincide. This, however, implies con- 
dition (6.13). 

We now, conversely, form (¥(z),¢*(¥)) by using (6.14), and obtain 
from (2.11), (2.14), (2.16) and (4,13) 


+ 1(y) y) q(x) + 


which coincides with (6.11) if, and only if, (6.12) is satisfied. This com- 


pletes the proof. 


7. The coordinate system of the Jacobi matrix. 


7.1. According to a remark at the end of 5.7, we now have to form 
H*,(x), which, by (5.28), furnishes the codrdinate-vector u, of the vector 
space $, carrying H into a Jacobi matrix J. Therefore we first have to find 
the conditions that w(z) « D*, where D* is the domain of H*. 

Let H°, as in 1, denote the self-adjoint extension Ht for ¢ = 0, and D° 
the domain of H. By a theorem of von Neumann * every element f* of D* 


can be represented in the form 
f* == f + a(x) + 


where f is an element of 2, x is any non-real number and a, 6 are constants. 


If we write this in the form 


f* = f—b(@(z) — + (a+ 


we notice readily that 


Qa 
P(r) = (rx — 0. Xa 


86 [4], p. 85, Theorem 29; [8], p. 341, Theorem 9. 4. 


dd 

| 
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is an element of D°, because of 


| Aa 
by (1.21). This implies, however, that every element f* of D* can also be 
represented in the form 
f* =f? + c&(z), 
where f°«D°. Hence «D* if 
— p(x) P(x) D*. 


By (6.14), (2.17) and (2.12) we obtain 


— p(x) = QaXa, 


(Aa) 
> 


a=1 


and this, by (1.11), is an element of D° if, and only if, (see also (2.16) ) 


= 2 Pa (Aa) Qe 
(7.11) 2 | Aa | | 2 Pa < ©. 
Now, by (5.43), the condition 
(7.12) 


is necessary to reduce H to a Jacobi matrix. Hence y(x) «D*, if (7%. 12) 
is satisfied, since (7.12) implies (7.11). 
(6.14) leads, by (1. 24) and (2.12), to 


and so we obtain from (5. 28) 


4 co 
(7. 13) t= = —1, 
a=1 a=1 


Finally, we infer from (5.41) and (5.42) that 


This equation determines the additional term —s(x)q(x) of p(a), which 
until now has been undetermined. 


P(t) _ 


be 


h 
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7.2. We now have to determine the conditions that for every integer 
k = 0, the element u*;,,, == H*u, exists, and belongs to D, which conditions are 
necessary for reducing H to a Jacobi matrix, as we have shown at the end 
of 5.2. 


If we have u*z,, since DC Hence, by (7.13), 
oO 
(7. 21) = = (H°)*u, = V pa 
a=1 
Thus we obtain as the condition for the existence of the element w*;,; 
co 
(7. 22) > < for kun 1,2,---. 
a=1 


On the other hand, w*;,,, belongs to D, if and only if 


Hence, by (7.21), (2.12), (2.17) and (1.21), 


> pad’ (Aa) = 0, (k = 0, 
a-1 
or, by (2.16), 
(7. 23) > (k = 0,1, 2 ) 


The equations (7.12), (7.22), (7%. 23) give, therefore, the necessary and 
sufficient conditions that the sequence of elements 


u*,— Hu, u*, = = H*u,,: - 


be contained in ®. 


7.3. We now investigate whether this sequence of elements satisfies the 
equations (5.212). We have 


(p* (x), = (x), H*u,) = (x), = (x), 
Hence 
(7. 31) (p* (x), for k—0,1,2,-°- 


if, and only if, 


($*(r), = 1. 


2) 
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On the other hand, we obtain from (7.13), (2.12) and (2.14) 


and this equals 1, if and only if, by (2.16), 


(7 32) V(Aa) J 


Thus (7.32) gives the necessary and sufficient condition that (7.31) holds. 
Moreover, we notice readily that (7.32) implies (6.12). 


7.4. By E. Schmidt’s familiar procedure we determine a sequence of 
real coefficients (n =1,2,- 0, 1S k=n), such that the elements 


Un = > 
k=1 


form an orthogonal system. Then we obtain from (7. 31) 
(7.41) ($* (2), tn) -> Ome! = G,(z), =1. 
=1 
We have, moreover, by (2.12), 
(7. 42) pa(t) Gn(Aa(t) Gin (Ag (t) ) = > (tins ) (a(t), Un) = (Un, Un) 
: a= 


Since, by (7.41), G,(x) is a polynomial of degree n —1 the equations (7. 42) 
mean that the sequence of polynomials is an orthonormal set with respect to 
the mass distribution at the points Ag (Zt). 

We readily show that the orthonormal set {u,} is complete; for the as- 
sumption that there is an element w of § with (w, u,) = 0 for every n implies, 
by (2.12) and (7.41), that 


0 = Dd (w, ba) (ba; Un) = paGn (Aa). 
a=1 


and from this follows, by a theorem of M. Riesz,*° 


Pa (w, > fa ) Gn (Ag ) |? 0, 


‘), w=0. 


x 
a-1 n=1 a=1 
= 0 (¢—1,2, 
49 [7], p. 223. See also [8], p. 583, Theorem 10. 40. 
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The equations (4. 21), (4.22) and (7.41) lead to 
\ = Ha(t) \\ 
43) Un) Gm (Aa (Et) )Gn(Aa(t) ), 
co 
(7. 44) (H'tn, Un) = = a(t) Aa(t) Gm (a(t) ) Gn(Aa(t)). 


A familiar argument implies that we can put 


LO m (2) b,G,(2) + > Diner (Z), 
which we substitute in (7.44). Then (7.44) yields, by (7%. 42), 
of 
nts Qnn=0 for m= n—2, = n,m. 
Hence J = (a,,,) is a Jacobi matrix with real elements. 
In a similar way we put 
k+1 
Ss Skz41,1 == Cks 8), Co = (k = 0, 1,- 
n=1 
Then we obtain from (7. 42) 
k+1 x 
(7.45)  S =X D walt) Gi(Aa(t) ) Gn(Aa(t) = = Ces 
) =}, a= n=1 a=1 : 
(k =0,1,---), 
2) which shows that the sequence {c,} defines an undetermined moment problem. 
to The solutions of this problem given in (7.45) are all maximal distributions 
of masses. since, by (7.43), every solution (7.45) is associated with a 
AS- resolvent 
es, By putting in (7.43) wu, =u, =u, we are led by (7.45) to 


(Rfu,. u,) Pa (t) _ + tu(2) 
i = — 


g(r) + n=0 
and this asvmptotic power series coincides with (3: 43). 
7.5. We summarize the result of this section in 


Tueorem 3. Let H be ac. ll.p.t. of (1,1) which satisfies the 
hypothesis of Theorem 1, and let p(x), q(x), u(x). v(x) be the integral 


functions defined in Theorem 1. In order that a complete orthonormal set 
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| 
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of elements up, can be determined, such that (Hun, Um) = nn is the element 
of a Jacobi matriz J, it is necessary and sufficient that the conditions (7.12), 
(7.22), (7.23) and (7%. 32) are satisfied for 


1 
8. The construction of all undetermined moment problems. 


8.1. We first show that the condition (7.23) in Theorem 2 can be 
replaced by the less strict condition 


(8. 11) 


270.) ~ ( 


by proving 


LemMa 2. Let g(x) bea transcendental integral function of finite order. 
If 1/g(z) can be represented for every § > 0 in the sectors 


(8.12) and r+ 8S 
by the asymptotic series 


(8. 13) 


then 
Qn = 0 (n = 0,1, 2,- - -). 


Proof. We assume that.am is the first coefficient +0, so that the sup- 
position (8.13) implies 


8.14 lim == Oy, 0 
within the two sectors (8.12). Let w:,2,° - +,wm be m roots of g(a), such 
that 
g*(2) — 


IT oy) 
is an integral function of finite order. Then we obtain from (8. 14) 


(8. 15) lim g* (xz) = 1/am 


within the two sectors (8.12). This implies, however, that g*(x) is bounded 
within the two sectors (8.12) and also along the straight lines 


g(x) 2 an’ 


nent 


12), 


be 


ler. 
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If p is the order of g*(x), we take 28 < x/p. Then, by a familiar theorem of 
Phragmén-Lindeléf,** g*(z) is also bounded within the two sectors 
—S§Sargr S65, a—sSargrSr+6. 


Hence g*(z) is bounded in the whole complex plane, which implies that g* (x) 
is a constant, and g(x) a polynomial of the m-th degree, in contradiction to 
the supposition that g(a) is a transcendental function. This completes the 


proof. 
Since (8.11) implies that 


1 
(iz) for every k, 


the series (8.11) is absolutely convergent, because of > (1/re2) < 0, g(a) 
being of order 1, as we stated in 5.3. Hence, by (7. 32), 


1 Wk 
qa) FAA) 


within the two sectors (8.12), and, moreover, by Lemma 2, g, 0. Hence 
(8.11) implies (7. 23). 


8.2. We now give the necessary and sufficient conditions for the con- 


struction of all undetermined moment problems. 


THEOREM 4. We consider the class M of all integral functions of finte 
order, real for real x, whose roots Aq are all real and simple, and which satisfy 


the two conditions 


1 1 
(8. 22) = 7’ (Aa) < © (k = 0, i, Ws —> oo). 


Then we find all sequences {cv} defining an undetermined moment problem by 
associating with any q(x) of class Ma sequence {pa}, (4a > 0), such that 


00 
(8.23) (k = 1, 2,- - -) 
a=1 a=1 


‘1 See e.g. [10], p. 177, § 5.61. 


7 

| 


516 HANS LUDWIG HAMBURGER. 


(8.24) 
a=1 (Aa) )* a=i Pada” (Aa) )” 
If we put 
co 
(8. 25) Cy = > para* == 0,1, 2,-- -) 
a=1 


the sequence {cx} defines an undetermined moment problem, and the solution 


given m (8.25) is a maximal distribution of masses. 


Proof. Since (8.21), (8.22) and (8.23) coincide with the conditions 
(7.32), (7.23), (7.12) and (8.11), (8.11) replacing (7. 22)), we deduce 
from Theorem 3 that these are necessary conditions. We see, moreover, that 
the conditions (8.24) are also necessary by substituting in (1.22) for Q, its 
value given by (2.16). 

We now suppose that the conditions (8. 21), (8.22), (8.23) and (8. 24) 
are satisfied, and we shall show that the sequence of constants (8. 25) defines 
an undetermined moment problem. 

Considering that g(x) is uniquely determined by its roots A, and by 
(8. 21), save for a constant factor, we choose this factor such that 


(8. 26) 


| 


where the series converges by (8.24). We now determine a c.H.p.t. H of 
d.i. (1,1) in the way described in 1 by taking as characteristic values of the 
self-adjoint extension H° the roots of g(2) and by putting in (1. 21) 


= 
Vea | | 
Then the conditions (1.22) are satisfied by (8.24) and (8.26). Since, 
moreover, the conditions of Theorem 3 are fulfilled by this H, because of 
(8.21), (8.22), (8.23) and Lemma 2, H can be carried into a Jacobi matrix 
of d.i. (1,1), which defines an undetermined moment problem by (7. 49). 
The fact that (8.25) coincides with (7.45) for £0 leads to the desired 


result. 


8.3. Remarks on Theorem 4. We shall give in the Appendix some sulli- 
cient conditions for q(x) to belong to the class Mf. On the other hand, if q(~) 
is any function of the class 9, then we readily verify that (8.23) and (8. 24) 


hold for any sequence of positive numbers {pa} for which 
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Ky 


x, and x, being positive constants. 


APPENDIX. 


Remarks on the integral functions of the class ‘I. 
9.1. We write g(a) « U, if q(x) is an integral function whose roots are 
all real and simple, which is real for real z, and which satisfies the conditions 
(8.21) and (8. 22). 


5a. LetO<rA be an infinite 
séquence of positive numbers, n(r) the number of Aq for wnich AgSr. If 


(9. 11) n(r)~yr, (0<p<h,y>09), 


g(a) = (1 + 
then q(x) 


Proof. By a result of Professor Titchmarsh,** the hypothesis (9.11) 
implies, even if 0 <p <1, 


log q(re*) 


rox SIN 7p 
log | 
Tn? 
for an infinite sequence of numbers 0 << This 
yields 
cos Op 

(9. 12) | = «exp{— (ey — 


within the sector +86 « being a suitably chosen positive 
constant, depending on k, and 


k 
(9.13) exp{— (ry cot rp — €) 


(q(—tn)| 


‘2 9], p. 191, Theorem TIT; [10], pp. 271-272, § 8. 64. 


2 
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If 0 < p< 4, we obtain from (9.12) and (9.13), by a familiar argument 
based on Cauchy’s calculus of residues, that 


q(z) (—Aa) (+ Aa) 


This leads to (8.21) for k = 0 and to (8.22), which is the desired result. 


9.2. THroreM 5b. Let {Ag} and {X’,} be two infinite sequences of posi- 
tive numbers, n(r) ~ yr’, n’(r) ~y’r?’, where n(r) and n’(r) denote the 
number-functions corresponding to {Ag} and {X'q}, respectively. We put 

co 
(9.21) =I] (1+2/Aa), = (1—2/N'a), = G2(2). 
Then q(x) « 
(i) for f 0S <3, 

(ii) for p=p', yA y’, tf 0 < tan’ (x/2)p< 

(iii) for if 0<p <1. 

Proof. Instead of (9.12) and (9.13), qe(x), for 0 < p’ < 1, satisfies 
the inequalities 


, cos (r—| |)p’ 
exp{— (wy sin —e)r? }, (6S 16 | =n), 
<= exp{— cot mp’ — €) 
| | 
for a suitably chosen infinite sequence of constants 0 < 1°) < 7%. 


We obtain from this and from (9.12), (9.13) and (9. 21) 


(9. 22) =<" exp{— (wy (ay’ cos(w — | —¢} 
| sin mp sin mp 
for 6S 
(9. 24) S«’ exp{ — (ry cot xp — €) Tn? -— —eE 
| Tn) | sin 


In the case pp’, 0<p<4, 0<p’ <4, we derive from these 
inequalities 


We 


nent 


sfies 


1ese 
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which proves the assertion (i). 
In the case p= p’, yy’ we have 


y C08 Op + cos(m —|6|)p = (y+ y’) cos (7/2) p cos (7/2 —| 


(9. 26) + (y—7) sin (2/2)p sin (4/2 —|6|)p 
Hence y cos 6p + cos (r —| 6!)p > 0 for | Sz, if 
(9. 27) > tan? (1/2) p. 


ly— 
This leads by (9.22), (9.23) and (9.24) again to (9.25), if (9.27) is 
satisfied, and, as we have shown above, (9.25) implies that g(x) « W. 
In the case pp’, y=y' (9.26) can be replaced by 
cos Op + cos(r— | 6|)p = 2 cos (2/2) p cos — | |)p, 
which implies that, in this case, (9.25) holds for 0 <p<1. This leads to 


the assertion (iii) and completes the proof. 


9.3. We now consider the difference 


u(x) 1 


v(x) g(a) v(x) q(z) 


where p(x), g(x), u(x), v(x) are the functions (5.35), which are associated 
with an undetermined moment problem. 

On the other hand, we obtain from (5.41) and (5.42) an expansion of 
u(x) /v(x) and p(x) /q(z) in a series of partial fractions 


(9. 31) v(x) 


here we use the notation 
= lim Ag(t). = lim pa(t). 
t—00 


Since, by (7. 45), 


we have, by (9. 31), for k= 1, 2,- -—> 0 


(9. 25) 
the 
(x). 

| 
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v(z)q(z) 


k-1 a0 

(9. 32) — wade!) = 0. 
=0 a=1 


The equations (9.31) and (9.32), however, imply that v(x) q(x) U. 


9.4. We now denote by A,’ and Ag”, respectively, the roots of g(a) for 
which q’(Aq’) > 0, <0, and put = qi(x)qe(x). where q, (7) 
and q2(2) are integral functions having the roots A,’ and A,”’. respectively. 
Moreover we write 


1 1 1 


(Aa) @2(Aa’) Gr’ (Aa’) q G2’ 


M,’ 


Then we see, since 


a-1 7 (Aa) 2 
that the sequence 
x 
(9. 41 ) CK > 
a=1 a=1 


defines a new undetermined moment problem. Its solutions given in (9. 41), 
however, are not necessarily maximal distributions, as an example will show 
in the next paragraph. 

9.5. We take two different infinite sequences of constants {c,} and {c*n} 
which both may define an undetermined moment problem. Let p(x), q(2), 
u(x), v(x) be the functions defined in (5.35) which belong to the continued 

CO 
fraction determined by the power series § (cv/x’*1) and let p*(x), g*(z), 
v=0 


u*(x), v*(x) be the functions belonging to > (c*,/r’*t). We now consider 


the two meromorphic functions 


Pi(t) p(x)q* (x) + u(x) p* (x) __ p(x) v* (x) + 


qi(z) q(x)q* (x) + v(x) p*(z)’ g(a) v* (x) + 


(9. 51) 


An easy expansion leads, by (5. 39), to 


(9.52) — pi 
= (u(x)q(x) — v(x) p(x)) (u*(z)q* (x) — p* (x) = 1; 


M 


( 
l 
0 
( 
I 
b 
q1 
q1 
80. 
be 
te 
(§ 
de 
an 
pr 
th: 
th 


1), 
OW 
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hence 


q(t) 


If A.’ denote the roots of q,(x), Aq” the roots of q2(x), we have by a theorem 
of R. Nevanlinna *° 


90 
(9. 54) > == a Mada ™. 
a=1 a=1 


Here the residues V/,’ and M,” are given by the formulae 


qx’ (Aa’) q2(Aa ) (Aa’) 2’ (Aa’”’) (Aa’”) (Aa’”) 


’ 


beeause of (9.52). It follows, moreover, from (9.53) and (9.54) that 
qi(2)q2(x) eM, by the same argument as in 9.3. 

We now see that the equations (9.54) can be derived from the result that 
q:(%)q2(x) «MW in the same way as (9.41) in 9.4. On the other hand, the 
solutions (9.54) of the moment problem defined by the sequence {cx} are, 
because of (9.51), not maximal distributions of masses, which are all de- 
+ tu(z) 
+ tv(z)° 


(9.54) furnish the example mentioned at the end of 9. 4. 


termined by the meromorphic functions Thus the equations 


9.6. The construction of all infinite sequences {c,} defining an un- 
determined moment problem can also be derived from the results of 9.3 
and 9, 4. 

If g(x) is any function of Mf, g(a) leads to an undetermined moment 
problem by the method described in 9.4. The result of 9.3, moreover, shows 
that every undetermined moment problem can be obtained in this way. Unlike 
the method developed in Theorem 4, however, we cannot determine all the 


** [5], p. 33, formula (73). See also [8], p. 577, Theorem 19. 38. 
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solutions of our problem by the representations of the c, given in (9.41), 
since these are not necessarily maximal distributions. 
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A NOTE ON THE LAMBERT TRANSFORM.* 


By E. K. HAvILanp. 


Hardy and Littlewood have proved * the deep, although Abelian, theorem 
on power series, that summability in the sense of Lambert implies summability 
in the sense of Abel. The proof depends on more than the prime number 
theorem, but implies the prime number theorem. The converse proposition, 
viz., that Abel summability implies Lambert summability, however, may be 
shown to be false.t If the ordinary power series in r = exp(— s) are replaced 
by more general Dirichlet series or corresponding Laplace integrals,’ there 
arises an essential difference in that the series, if they converge at all for r < 1, 
need not converge absolutely for r<<1—e. In fact, the Dirichlet series 
(corresponding to the Stieltjes integrals), even if ordinary Dirichlet series, 
may possess a strip of conditional and even of non-uniform convergence, while, 
if they be not ordinary Dirichlet series, they may not have a half-plane of 
absolute or even of uniform convergence. It therefore becomes of interest to 
carry out the proof without assuming absolute, or even uniform, convergence 
of the integrals involved, and such is the object of the present note. The 
application of the prime number theorem or, rather, of an extension of the 
theorem, is exactly the same as in the Hardy-Littlewood case, the modifications 
being concerned with justifying the somewhat elaborate manipulations which 
make transcription to the Dirichlet case possible. 

Accordingly, let a(2) be a function of bounded variation in 0 S25 6, 
b arbitrarily large, and constant near « = 0, say for 0 = «a; and let 


(1) A(s) — 
0 


* Received January 22, 1944. 

1G. H. Hardy and J. E. Littlewood, “ On a Tauberian theorem for Lambert’s series, 
and some fundamental theorems in the analytic theory of numbers,” Proceedings of the 
London Mathematical Society, ser. 2, vol. 19 (1921), pp. 21-29; cf. also ibid., ser. 2, 
vol. 41 (1936), pp. 257-270. 

2 A. Wintner, Eratosthenian Averages (Baltimore, 1943), pp. 75-76. It should be 
noted that the power series there referred to should be 2f’ ()n-*7" and correspondingly 
the step function should consist of the jumps a(n + 0) —a(n—0) = f'(n)/n. Also, 
s4(s) >C should be replaced by A(s) >C, hence A(s) =o0(1/s) by A(s) =0(1). 
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We then have the 


THEOREM. The existence of either of the integrals (1), (2) implies thai 
of the other, and, tf 


L(s) =o0(s"), as s-->0+, then A(s) =0(1), as s->0+4, 


there being no actual limitation in supposing C0, if limsZ(s) =C as 
First of all, we observe that Abel’s lemma, which forms the basis of the 
proof of the second mean value theorem, may be stated in the following form: 
Let f(z) be continuous, decreasing and non-negative in 0 case 
<-+ ©; let ¢(2) be bounded and a(x) be of bounded variation in every 


finite interval, 0 = = R, arbitrarily large; finally let f $(x)da(x) con- 
a 


oo 
verge. Then f f(r)b(v)da(x) converges, and 


(3) f(a)m <f(a)M, 


where m and are respectively the g.1.b. and l.u.b. of p(t)da(t) in 
a 
asSrct+o. 
Now let s > 0 be fixed. Then 
d /dx = —skx) <0, if ©>2/s and k=}. 


Consequently, by choosing == f(a) = (n 1,2,3,-- -), 
we may infer the existence of 


(4) re-"**da(z). 
0 


Again, if we choose =e} and f(x) = it follows 
from 


df (x) /da = [c#**(1 — — + (1 — 


that f(x) is monotone decreasing at least for all x > 2/s. As before. we then 
infer the existence and convergence of L(s). Moreover, (1) may be written 
in the form 


lA 


un 
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and if we put f(z) = (1—-e%*)a" and = it is 
seen that 


d{ (1 e-**) a1} /dr = —1 + e**)a* < 0, 


if s > 0 and z is sufficiently large. Consequently, the Abel lemma may be 
applied in this case also and shows that the convergence of A(s) follows from 
that of L(s). 

Having established the existence of the individual integrals involved, if, 
say, the existence of A(s) is assumed, we proceed to justify. the term by term 


integration 
(5) L(s\ = rest = > re *"tda(z). 
0 n=0 n=1 ./70 


This will be true, if * 


z 
i >= , e-"stte-8tda(l) converges for x in any finite interval 0 <a 
a 


n=0 


oO n 
(11) f res” e**szda(x) converges for n in OSn=N; and 


4-0 
™ 
stda(t) converges uniformly + a. 
n=0 


The existence of (4) implies that 


<< (N+1)e 


k=0 


uniformly for all n, (OS n= N), if Ro(e) SR < R’, which proves (ii). 
If f(z) and = (3) leads to the result 


where 
M == | f te-**da(i) | 
a 


°Cf. W. F. Osgood, Functions of Real Variables (Peking, 1936 and New York, 
1938), p. 166; H. S. Carslaw, Fourier Series and Integrals, 3rd Ed. London (1930), 
§76, p. 178. 
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has been shown to exist, and (6) holds uniformly fora a2 < + o. There- 
co 
fore, (1 + > e-"**) M serves as a majorant for the series in (i) and in (iii) 
n=1 
and the proof of (5) is complete. 
Next, application of the Abel lemma to 


+R’ *R’ 
J (xz) and J 
R 


R 


where 0 < o < 8 <8, shows that the integrals 

A(s) = and J (xr) 
a a 
converge uniformly in s Ss o. Then by Leibniz’s Rule * 

(7) A’(ns)= —f wheres > 0, (n = 1, 2,3,--- and’ =d/d(ns)). 

a 
Consequently, (5) leads to the infinite system of equations 


oO 
> A’(mns), (m = 1,2,3,--° -). 


n=1 


L(ms) = 


These represent a set of equations of the form 


where = L (ms), A’(ns) and (aij) = (enm)*, the transposed matrix 
of the Eratosthenian matrix,® so det (a;;) = 1. 
On replacing s in (7) by ms and applying the Abel lemma, we find 


| | A’(mns)| < e-™("-1080 f (a) 
a 


Ww 
(8) 


b. f re**da(z) = em(n-l)saYf, gay, 
a 


where n = 2, 3,- - -, while 


(9) | A’(ms)| S 


*Cf. W. F. Osgood, op. cit., p. 279. 
5 Cf. A. Wintner, op. cit., pp. 5-7 and p. 23. 
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By virtue of (8), (9) and the fact that | aj; | <1, the series for y,, is 


majorized by 


Me- (m--1) sa +- M e-kmsa Me-(r-1 )aa Me-™s (J 


where s > 0, a> 0 are fixed, and m —1,2,3,:-:-. 

If we multiply y». by Amg, where Aj; is the cofactor of aj; in det(a;;), the 
resulting series converges and possesses the same majorant, since Amg = (m/q), 
the Mobius function,® and p»(m/q) =0 unless m/q is an integer. Then in 
the double series 

> = > 
m mk 


-+ 


not only does each row converge absolutely, but the series of the sums of the 
absolute values of the elements of the rows likewise converges (absolutely), 
being majorized by 


M p-kan + M(1 > e-ksa, 
k=1 


k=0 
Hence the double series converges and we may sum by columns as well as 
by rows, obtaining, in particular, 7; = ¥ Amiym, i. e., on changing the summa- 


m=1 


tion letter from m to n, 


A’(s) e(n)L (ns). 


n=1 


That A(o) == 0 follows from the definition of A(s). We wish to show that 


(10) A(s) = L(ntyat L(ntyat, (s > 0). 


n=1 


This will be true if 


oo 2 
(I) Sp(n) : L.(nt)dt converges for z in any finite interval s = r= R; 
n=1 8 


n 
(II) J > (kt) dt converges for n in 1 [n= say: 
8 k=1 


90 
(III) L(nt)dt converges uniformly for + o. 
“8 


n=1 
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The proof of these statements is based on methods used above, and which, 
together with the definition of Z, insure the existence of the individual in- 
tegrals in (10). Here we put 

8) 
a 


Now 


a a 
where 0 < o < So XS 8, and 


(1 — e-8t)-2} /dt 
= [{1 — 4(s —a) (1 — e-*t) — ste (1 — at) 


and this expression is certainly negative if ¢ > € = 2/(s» —o). Consequently, 
if x > €, an application of the Abel lemma shows that 


te-Ast (1 — e-*t)-"da(t)| S -— b. == M,. 


Also, ifa@SaSé 


z 
| fl teBet (1 -— | S (1 — f | da(z) | = 


where VM, and J, are independent of s in ss Ss << + o, and 


| <M, + 
a 


where .V/, is independent of inaSa«<+o. 
In view of this, an application of the Abel lemma to (11) shows that 


(12) | L(ns)| S (n = 1,2,3,°--). 


From this it follows that 


R’ 
| p(n )L(nt)dt = M, f = 2M, (na)-*(e tnaR ‘ana’ ) 
JR 
2M 


so that (I1) is satisfied. Again, 


J L(nt)dt = M, f < 2M 
8 
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from which it is seen that (1) and (III) are satisfied and (10) is accordingly 
proved. 

From this point on, the proof is merely a transcription to the case of 
integrals of that of Hardy and Littlewood in the case of power series, but 
will be given for the sake of completeness. If, in the right-hand member of 
(10), we make the substitution n¢ == r and then replace r by ¢, we obtain 


if A(z) denotes the [z]-th partial sum of the series Su(n)/n. Let f(x) 
= {3 L(t)dt. Then a partial integration shows that 


R" R” 


Of the three terms on the right of (14), the first can be made arbitrarily small 
by taking F’ sufficiently large, in virtue of the convergence of the integral on 
the right of (13). Furthermore, A(2) remains bounded as z— oo, inasmuch 
as the prime number theorem implies the convergence of Sz(n)/n (and that, 
too, to 0), and f(R’), f(R”) > 0 as Rk’ + o in view of the definition of 


oo 
f(z) and the above appraisal of L(t). Consequently, ff A(x)df(x) con- 
0 


verges, and if we let R become infinite in the equation 
R R 
f = f(R)aA(R) — #(0)a(0) —f A(x) df (2) 
0 0 
and observe that A(0) = 0, we obtain 


x ~~ 
A(s) f(z) = -— A(x) df(x) =s A(x) L (sx) dz 
0 


= = -f+f+f- 
= x(a/s)| | L(x)| da 


and the prime number theorem asserts the convergence of Su(n)/n to 0, so 
that A(z) = 0(1) i.e, if Then we 
can choose g, sufficiently small that s* > 2x, for all 0<s<o,. This fact, 


Now 
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co 
together with (12), shows that | III | < Ml’; f e~*dx for a suitable constant 
1 
M’;, so III is 0(1) ass—> 0. 
By virtue of the hypothesis L(x) = o0(a"), there exists a 8 = 8(e) such 
that | L(r)| for 0 <<2<8. Moreover, for fixed s > 0, A(x/s) = 0 in 
0=2r<s. Consequently, 


6 6/8 
| A(z/s)| adr = |A(y)| y*dy. 
& 


Now A(y) is always bounded and, as y— o, it is known that A(y) = o(log-*y) 
for every « = 0 and so for some « > 1; hence a fortiort 


(15) |A(y)| SK’: logy, if y>yo>1, say. 


Yo *5/s8 
f | A(y)| ytdy | log*y dy/y} 
1 


Vo 


< «{K, + < Ke. 


Finally, for fixed 8, | L(x)| < Gs, a constant depending only on 8, where 
we may always suppose 0 < 8< 1. For this 8, s has been taken so small that 
5/s > yo and hence by the first mean value theorem, in virtue of (15), 


21/8 


1 / 
= Gs ff | A(2/s)| de — Gos A(y)| dy < K,log*(8/s) 
6 6/8 


and this +0, as s—+>0-+. Consequently, I + II + III = A(s) =o0(1), as 
s—>0-+, q.e.d. 
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ON THE THEORY OF AUTOMORPHIC FUNCTIONS OF A 
MATRIX VARIABLE, II—THE CLASSIFICATION OF 
HYPERCIRCLES UNDER THE SYMPLECTIC 
GROUP.* 


By Loo-Krne Hua. 


1, Introduction. The present paper is a continuation of the paper I 
with the same title, which gives a brief account of the geometrical aspect of 
the theory. 

Throughout the paper, capital Latin letters denote n & n matrices with 


complex elements unless the contrary is stated. A’ 


denotes the transposed 
matrix of A and A, the conjugate imaginary matrix of A. J denotes the unit 
matrix and O, the zero matrix. 

We define a hypercircle to be the set of points (symmetric matrices) Z 


for which the Hermitian matrix 
is positive definite, where H, and H, are Hermitian matrices. 

The object of the present paper is to classify completely hypercircles 
under the (non-homogeneous) symplectic group ®&, which consists of all the 
symplectic transformations defined by: 

Z4,—=(AZ+ B)(CZ4+ DD)", AB=BA'’, CD AD—BC’ =I. 
The letter & will be kept in this sense throughout the paper. 

Our classification of hypercircles depends on the theory of pairs of 
Hermitian matrices. Because all the available treatments (or at least all the 
treatments available to the author in China, cf. 6) of the subject contain a 
mistake, we find it necessary to resume the theory. 


2. Symmetric pairs of matrices. Let 


Norn.—Because of the poor mail service between the U. S. and China, a number of 
minor changes in this paper have been made here, with the consent of the editors, by 
Prof. Hua’s friend Dr. Hsio-Fu Tuan. 

* Received April 21, 1943. 
1 This Journal, vol. 66 (1944), pp. 470-488. 
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which is a 2n X 2n skew symmetric matrix. This notation will be kept 
throughout. 


DEFINITION 1. A pair of matrices A and B is said to be symmetric to 
each other, or to form a symmetric pair (A,B), if AB’ = BA’. 


Clearly (A,B) is a symmetric pair if and only if 
(A, B)§(A, B)’ =O, 
since the left hand side is equal to 
(— B, A) (A, B)’ = -- BA’ + AB’. 


DEFINITION 2. A pair of matrices (C,D) is said to be conjugate to 
another pair of matrices (A,B) if AD’ — BC’ =I. 


According to this definition, the conjugate relation is skew in the two 
pairs: if (C,D) is conjugate to (A,B), then — (A,B) = (—A,—B) is 
conjugate to (C,D). In the following we shall often speak of conjugate pairs, 
when the order of the pairs is immaterial. 

Clearly (C, D) is conjugate to (A,B) tf and only if 


(A, B)S(C, D)’ i, 
since the left hand side is exactly AD’ — BC’. 
THEOREM 1. The transformation 


Z, = (AZ + B)(CZ + D)* 


D 


(in the following we often speak of the transformation Z) belongs to ©, if 


with the matrix 


and only tf 
THX’ — 


Proof. Since the left hand side of the equation to be proved is 


AB’ —- BA’, AD’ — BC’ 
CB’ — DA’, CD — DC’}’ 


the result follows immediately. 


Putting this result in another form, we have: 


be 
th 


th 


ar 


fe 


| 
- 
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THEOREM 2. The transformation 


Z, = (AZ + B)(CZ 4 D)> 


A B 


belongs to & if and only if (A, B) and (C,D) are two symmetric pairs such 
that (C, D) ws conjugate to (A,B). 


with the matrix 


THEOREM 3. Jf (A,B) is a symmetric pair, then 
(A,, B,) = Q(A, B)Z 
1s also a symmetric pair, where X is in &. 
Proof. We have 
(A,, Bi) Bi)’ = Q(A, B)TFX (A, B)’Q’ 
= Q(A,B)§(A, B)’Q’ =O. 
THEOREM 4+. Jf (A,B) ts conjugate to (C,D), and if 
Bi) = Q(A, B)%, (C,,D,) = 
then (A,, B,) is conjugate to (Cy, D,), where Q is non-singular and & is in &. 
Proof. We have 
(A,, Di)’ = Q(A, D)’Q? =I. 
DEFINITION 3. Two symmetric pairs of matrices (A,,B,) and (A,B) 


are said to be equivalent if we have a non-singular matrix Q and a trans- 
formation & of G such that 


(A,, B,) = Q(A, 
This relation will be denoted by 
(A,, Bi) ~ (A, B). 


THEOREM 5. The relation “~” possesses the properties: determination, 


reflexivity, symmetry and transitivity. 


DEFINITION 4. A pair of matrices (A,B) is said to be non-singular tf 


the matrix (A,B) is of rank n. 


THEOREM 6. Any two non-singular symmetric pairs of matrices are 


equivalent, 
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Proof. It is sufficient to prove that 
(A,B) ~ (,0). 


1) If A is non-singular, then A-*B = S is symmetric. Then 


(A, B) A(I, 8) = A(I, 0) ( 


01 
I 8 
(0 7) 


2) If A is singular, then we have two non-singular matrices P and Q 


I”) 
A, = PAQ— (5 


The result follows, since 


telongs to ©. 


such that 


Let 
Q O 
Bi) = P(A, B) (6 
where 
Since 


Q O 
belongs to &, (A,. B,) is a non-singular and symmetric pair. Consequently s‘” 


is symmetric and / is a null matrix. 


Let 
I 
(As, Be) (4s Bs) ( 


O 
S= O J 


— B 
== 4115 A,S + O 


where 


Then 


Since (A., B.) is non-singular, so also is ¢. Let 


( 


then 


I) m 
As + Bs (5 


or 
or 
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which is non-singular. By 1), we have 


(A3, ~ (1,0). 
The result follows. 


THEOREM 7. The subgroup which leaves a non-singular symmetric pair 
of matrices invariant is simply isomorphic to the group which consists of all 
transformations of the form 


+8, 
where Q ws non-singular and S is symmetric. 


Proof. It is sufficient to consider the group which leaves (0,7) invariant. 
In fact, we have Q and & such that 


Q(A, B)Z (0,1). 
Let Vo and TF, be such that 


Qo(O, 1)Xo = (0,1). 
Then 


Q7Q,Q(A, = (A, B). 


The isomorphism of the group whose elements leave (O,/) invariant and 
the group whose elements leave (4, B) invariant is evident. 


Let 
Q(0,1)% = (0,1), 


Then, we have 


(QC, QD) = (0,1), 


le, C=O, D=Q". Then and B=SQ". 
The group is isomorphic to the group formed by the matrices 


Q’ SQ 
O 
Corotiary. The transformations leaving (O,1) invariant are of the form 


O 


The result is now evident. 


where Q is non-singular and S is symmetric. 


t 


) 
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THEOREM 8. Given a non-singular symmetric pair of matrices (A, B), 
we have a non-singular symmetric pair of matrices (C,D) as its conjugate. 
The totality of all possible pairs (C,D) depends on n(n +1) parameters. 


Proof. 1) First we consider the case (A,B) = (0,1). Let (C,D) 
be a pair satisfying our requirement; then 


= AD’ — BC’ = — 
Thus the conjugate pairs of (A, B) are 
(—1,8), 
where the S are symmetric. The theorem is true for (A,B) = (0,1). 
2) By Theorem 6, we have Q and & such that 
Q(A, B)Z = (0,1). 


We define (C,D) by Q’7(C, D)X = (— 1,8). Then (C,D) satisfies our 
requirement. 
Further let Q, and Z, be matrices satisfying also 


Q:(A, = (0,1). 
Then, we have 
(C, D) = Q',(—TZ, 81) 217. 


We shall now prove that this is equal to Q’(—7, 8S). Since 
= (0,1) 


by the corollary of Theorem 7, 


22, —( 0 


we have 


Then 


“19, §.0Q,7 
Q'.(— I, = I, 81) ty "00 


— ( 0 0,07 


Hence we have always the same ‘collection of pairs of matrices conjugate to 
(A,B). 


a 
7 
1: 
1. 
i 
h 
1 
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3. Hypercircles. 
DEFINITION 1. The transformation of symmetric pairs 
(Wi, We) = Q(Z1, Z2)% 


tor a non-singular matrix Q and a transformation Z belonging to & is called 
a homogeneous representation of 


W = (AZ + B)(CZ + 
The group so obtained is called the group Gu. 


DEFINITION 2. A hypercircle is defined by the set of points corre- 
sponding to symmetric matrices Z such that the Hermitian matrix 


+13 + 10 


is positive definite, where H, and H, are Hermitian matrices. Or, in “homo- 
geneous” coedrdinates, a hypercircle is defined by the set of points corre- 
sponding to symmetric pairs (W,, W:) such that the Hermitian matriz 


W.H,W’, + WoLW’, + + = (Wi, W2)9( Wi, We)’ 


§ is called the matrix of the hypercircle. 


is positive definite, where 


Remark. § is a general 2n X 2n Hermitian matrix. Thus the follow- 
ing results may be interpreted purely algebraically without reference to 
hypercircles. 


TuHEoREM 9. The transformation (W,, W.) = Q(Z;,Z2)& carries a hyper- 
circle with the matrix § to a hypercircle with the matrix $, = TH2’. 


Proof. Since 
(W,, W2)9(Wi, We)’ = O(Z;, Ze) EHX’ (Z1, Z2)’Q’, 
the theorem follows. 


DEFINITION 3. Jf we have belonging to such that 
we say that §, and § are conjunctive under &. 


Evidently, “conjunctivity under ©” possesses the properties: symmetry, 
reflexivity and transitivity. Naturally, this suggests the classification of hyper- 


4 


= 
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circles under ©. This problem is by no means easy but it is solved completely, 
First of all, we introduce the following notion: 
D5FINITION 4. Fora hypercircle with the matrix we define 


— H’.H, LL, LH. — H’.I/ 


to be the discriminantal matrix of the hypercircle. It will be denoted by 
D(H). Evidently D($) is skew-symmetric. 


THEOREM 10. If §, and §. are conjunctive under &, then D(,) and 
D(H2) are congruent under More precisely, if TH,T’ Go, then 
TD = D(H-). 
Proof. Since 


D(G2) = HTH. = TH’, V’FTGH,V’ = TH’, FHF’ = TD(H.,)L’, 


we have the result. 


4. The canonical form of the discriminantal matrix. The problem of 
congruence of D(§,) and D(.) under G& is equivalent to the problem of 
congruence of the pairs of skew symmetric matrices (D($.),%) and 
(D(H2),%). The latter problem is solved in most treatises on elementary 
divisors. For the sake of completeness, the author quotes the following results: 


THEOREM 11. Let 8 and B, be two non-singular matrices. The pairs 
of skew symmetric matrices (%,B) and (%,B,) are congruent if and only 
if M+AB and WM, + AB, have the same invariant factors (or the same 
elementary divisors). 


(For the proof see, e. g., MacDuffee, Theory of Matrices, Theorems 35. 4 
and 30. 1.) 


THEOREM 12. There exist pairs of skew symmetric matrices of degree 
2n, one of which is non-singular, having any given admissible invariant factors. 
More precisely, let 


hoi = hoi = gi = (A—A1) (A— Ax), 
= 0, 1=j=k) 


be the given 2i-th invariant factors (since in a skew symmetric matria, the 
2i-th invariant factor is equal to the (2i-1)-th invariant factor), let gi divide 
Jix. and let S1,;; =n. We define 7; to be the direct sum of matrices 


wh 


Th 


po: 


an 


Si 


m 


is 

Fv 
is 
| 
wW 
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= + Ti2 +° + Tix 


where 
(r4y 1 0-:-0 ) 
0 


is of degree lig and1SjSh. Further we define T by the direct sum 


Then the pair of skew symmetric matrices (€,%) with 


0 T 


possesses the preassigned invariant factors. 


Proof. Let 8; be the greatest common divisor of the i-rowed minors of 
T—aAlI. Then, evidently, 


Further let d; be the greatest common divisor of the i-rowed minors of 


© —Aj. We need only find the d; for any even i. It is evident that d2; 
is the g.c.d. of 847, 818441, Si-28i42,° Since 


and gx divides we have dividing Thus = Then 


hihi. = =—-. 
Since ho; = we have 
hoy = hoi = Gi. 
Consequently we have 
THEOREM 13. Lvery discriminantal matrix is congruent under & to a 


matrix of the form 


where T has the same meaning as given in Theorem 12. Consequently, every 


y. 
y 
( T 
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hypercircle is conjunctive under © to a hypercircle with its discriminantal 
matrix of the prescribed form. 


Proof. By Theorems 11 and 12, we have Z such that 
5) 


and 


= 


Let 2“*OZ’-' = §,; then §, has its discriminantal matrix in the described 
form. 


5. Proof of the theorem that every hypercircle is conjunctive under 
® to a ‘* binomial ’’ hypercircle. 


THEOREM 14. Every hypercircle is conjunctive under & to a * binomial” 
hypercircle, or more precisely a hypercircle with the matrix 


H, O h,” O ho” O 
n= (5 4 det (h, ) ~0. 


Proof. 1) The theorem is well-known for n =1. By Theorem 13, it is 
sufficient to consider a hypercircle with the matrix 


H, L’ 
L 
satisfying the condition 


L #H, —I O L dH, OF” 
If H, is non-singular, then 
== = H,"L/ 
is symmetric. We have evidently that 
+ H. = (24+ 8)Hi(Z+ 8) + 


which is “binomial” in Z+ 8. A similar result holds when H, is non- 
singular. The theorem is thus true for these cases. 


2) Before going further, we require two lemmas. 


wh 


ma 


Th 


wh 
eqi 


|_| 
eqn 
sin 
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LEMMA 1. Any symmetric matrix S may be expressed as S = TT’ 
where T is a matrix with zeros above the main diagonal (well-known). 


LemMMA 2. For any given matrix Q, we have a non-singular symmetric 
matria S such that QS is symmetric. 


In fact, it is sufficient to find a non-singular solution of the matrix 


equation 
QS = 8Q’ 


where the symmetric matrix S is considered as an unknown. We have a non- 
singular matrix T such that 


is of the Jordan’s normal form, i. e. a direct sum of matrices of the form 


1 
0 
Then 
= 8:9’; 


where IX?SI’-? = S,. Therefore, it is sufficient to find a solution of the 
equation with Evidently 


Su) — 
0 0) 
is a solution, since S = S’ and 
1 O 


3) We now consider all conjunctive hypercircles of § under & 
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with “binomial” discriminantal matrices. Let § be one of them with H, of 


the highest rank r. If r=, this problem was solved in 1). 
We have a non-singular matrix Q such that 


(r) 


_(% 0 


carries a hypercircle with “binomial” discriminantal matrix into one of the 


Since 


same nature, we may assume, without loss of generality, that 


h O 
det (h) #0, H,— 


We shall now establish that r5£0 and that we may assume det (g:,) 0. 


Let 
5) 


be its discriminantal matrix. We may transform § in such a way that K is 
symmetric. In fact, by Lemmas 1 and 2, we have a symmetric matrix S such 
that (i) SK is symmetric and (ii) S = TT’ where T is a matrix with zeros 


above the main diagonal. Let 


© 


which belongs to ©. Then 


ay 


where 7-1K’T is symmetric, since 
TT’K =K’TT’ implies 
Further the first element in THX’ is equal to 


of which the rank is still r. We may assume that 
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h O 0 8 


where S is symmetric. 
Let p be any number. We have 


I O O- pl O 8S 
pl I —S O eo £ —S O 
IO ) H, ( ft... * ) 


H, = |p|? + pL’ = pL + He. 


and 


where 


It is evident that for p arge, r—0 if and only if H,=L=//,=—0. 
Let 


then 


For p large, /,, is non-singular. 


4) Now we may assume that 
where det (h) #0, det (gi1) #O and r0. Let 


I O O 


which belongs to @, such that 


O\(H, (Rk? 0\_ [loo 


0 qo 


where 9 = 911. (1m fact 


I *\fh O\(I O h O 


I O I — 911912 O 


3 

e 
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Since the rank of H, cannot be higher than r, go = O. 
Now we may write 


h O lie = g 
where both h and g are non-singular. Since H’,L — L’H, and LH, = H’.V’, 


we have 
= lig — lio = lp, = O. 


As in 1), we may then assume that /,, =O and det (h) 0, but now 
g may be singular. By induction, we have a,*), c,~ and 
such that 


a, b, O Pas a, b, \’ O ) 

dy leo O C, dy 

ay, O a, b; , O 


and we may assume that the rank of h. is higher than that of g., for otherwise 
O I\Nfh, O 0 14. 
et 
I O O O O I O 
A= — ) 


then 
A B 
h O 


belongs to & and H, of EHX’ is equal to i i 


higher than r, we have =O. Consequently, g, =O. Then =O. The 
result is now proved. 


) . Since its rank cannot be 


6. A lemma. For reasons explained in the Introduction, we find it 
necessary first to discuss the theory of pairs of Hermitian matrices (6-9)* 
as a basis for the classification of hypercircles (10-16). 


* Cf. Dickson, Modern algebraic theories, p. 123, Theorem 10; MacDuffee, Theory 
of matrices, p. 63, Theorem 36.5; Turnbull and Aitken, Theory of canonical matrices, 
p- 181, Lemma III; and Logsdon, American Journal of Mathematics, vol. 44 (1922), 
pp. 247-260. An earlier paper of Muth, Journ, fiir Math., vol. 128 (1905), pp. 302-321 
should be mentioned as one of importance in this connection. 


| ( | 
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Lemma. Jf g(x) is a polynomial, with real coefficients, which has no 
negative or zero root, then we have a real polynomial x(x) such that x*(x) —2x 
is divisible by q(z). 


Proof. Let 
& t 

= ATI TI ((2— (@—%)), 
= j= 

where a, > 0 and a is complex. 


1) The theorem is true for 


now 
q(x) = a) 

In fact the theorem is true for 11, for then x(z) = Va is a solution. 

Suppose that we have a real polynomial y:-,(z) such that 

X71-1(%) = (xq 

where A(z) is a polynomial with real coefficients. Evidently yi.(a) ~0. 

Then 
yise xu(z) (2) 4 (a —«a) 1-1 

satisfies our requirement, since 

A(a 
x71(2) — — xi-1(@) (a —a)*" 
0 A(a) 
= (A(z) — (@—a") 
= 0 (mod (a —a)’). 
2) ‘The theorem is true for 
= 
be In fact 
x(z) = Wale 
if satisfies our requirement for / = 1, since 
)) 1 
1 

ry | a | wore (x a) (a &) 
= 0 (mod (« — z)(«—2)) 


and 
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Let x:-1(%) be a real polynomial satisfying 
X*1-1(@) ((4@— a) ) A(z), i> 1. 
It may be verified directly that 
= xr-a(x) + —a) (w—a)) "(sa + 


satisfies our requirement, where the real numbers s and ¢ are given by 


d(a) + 2(sa + t)xr1(a) =0 


(The existence of s and ¢ is easily seen, since @ is not real and y:_,(«) #0). 


3) Let qi(z) and q2(x) be two real polynomials without common 
divisor, and let x,(z) and y2(xz) be two real polynomials satisfying 


xi" (x) — xv ==0 (mod q;(2)) 
and 

x2"(x) — (mod q2(z2)). 

It is well-known that we have two real polynomials h,(2) and h.(z) 
such that 
hi (x) qi(r) + = 1. 
Then on letting 
= xx (2) he (2) qo(x) + (2), 
we have 
x’ —x=0 (mod 


Applying the process repeatedly, we have the theorem. 


7. A theorem on pairs of Hermitian forms. 


TueroreM 15. If H and K are two Hermitian linear A-matrices having 
the same elementary divisors, then we have two non-singular matrices T, and 


such that 


= hy) + he), 
r.KY’, = + 


120, 


and, we have two non-singular matrices p,“") and po") such that 


Dohop’s = — hrs. 


In case r, = 0, h(ri) is left out. 


‘ 

é 

r 


0). 


lon 
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Proof. 1) By the hypothesis we have two non-singular matrices P and 
Q such that 
PHQ = kK. 


Since PHQ = PH7’ : j-1Q, we may assume that P = J. 
Since H and K are both Hermitian we have 
HY = K. 


We have a non-singular matrix 7 such that 


where gq, has non-negative characteristic roots and gq, has only negative 
characteristic roots. We may assume without loss of generality that 


‘a 


Since HQ = Q’H, we have hiog2 = Since 71, have no common char- 


acteristic root, then hj.—O. Thus 


Let 


H ho r2), 
Consequently 
K 4 
and 
hig: = = ky, = = ko. 


2) In the lemma of 6 we take q(x) to be the characteristic polynomial 


of g:. Then we have a real polynomial x(x) such that 
= 
Then, letting p; = x(q:), we have 
key = = hay? (G1) = ax (Qi) = 

Next, in the lemma of 6, we take g(a) to be the characteristic polynomial 

of —qs. Then we have a polynomial x(x) such that 
=— 

Let ps = x(— qz), then 

= = — hox* (— q2) = —x(— Y2) hex (— G2) = — pr 


The theorem is then proved. 
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8. Canonical form of pairs of Hermitian forms. First of all, we 
introduce the following notations: Let 


0---0 1) 

0 0---1 0 

0 1---0 0 


be a t-rowed square matrix (a;;) with 


fl fori+j=—n+1, 


otherwise ; 
and let 
ies 
m(#)()) = 


be a ¢-rowed square matrix (6;;) with 
fori+j—n+1, 
41 fori+j=n-+ 2, 
| 0 otherwise. 
(In case n = 1, then b,, =A). 


THEOREM 16. Let (A,B) and (A,,B,) be two pairs of Hermitian 
matrices. Let det (AA + B) =0 huve no real root and let A and A, be non- 
singular. A necessary and sufficient condition for the pairs to be conjunctive 
is that they have the same elementary divisors. More definitely, given 


gi = ((A— Ar) (A— Ai) (A Ae) 


where 1 nand g; divides gi,, and = 4n. Let 


O 
and 
O (rg) 


where the %’s denote direct sums and, for ti; = 0, the corresponding term is 
to be left out. Then XJ —M has the preassigned g; as its i-th elementary 


t 


( 
] 
I 
ii 
a 
a 
h 
se 
W 
1s 


ve 
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diwisor. Further every pair of Hermitian matrices (A,B) with gi as its i-th 
elementary divisor is conjunctive to (J,M). 


Proof. It is not difficult to verify that AJ-—-M has g; as its i-th 
clementary divisor. 
1) In Theorem 15, we take 
H =d\A—B, K =dJ — M. 


If r, = 6, the theorem is evident. If r,; 0, then we have a non-singular 


matrix P such that PHP’ =—K. Let 


[ (tis) O 
0-33 


Then QJQ’ =—J and QMQ’ =—M. Thus @PHP’Q’ = K and the theorem 
is true. 


2) Consider first the particular case where we have 
Jn = ((%& — a) — 


and AJ — M cannot be conjunctive to a direct sum of 
two Hermitian matrices. For otherwise we would have two non-singular 
matrices P and Q such that 


pi O ) 
_ 
P2 


and p, and p. are Hermitian. Then either («—a)"? or («—a@)"/?, and 
hence both, would divide det (p,). This is impossible. Then we have either 
r; = 0 or 7, = 0 in this case. The result is then true for this particular case. 


3) If r, ~0, r. ~0, then we have to consider h, and h. in Theorem 15 
separately. Applying induction on the number of the distinct invariant factors, 
we have the theorem. 


THEOREM 17. LHvery pair (A,B), det (A) #0, of Hermitian matrices 
is conjunctive to the following pair (J,M), where 
O 


O mts) (Ag) 


e 
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the first > runs over all real roots of det (AA + B) =0 and the second > 


runs over all pairs of complex roots of det (AA + B) =0, and «4; = +1. 
The proof of this theorem is completely analogous to that of Theorem 16. 


DEFINITION. The pawr of forms (J, M) obtained in Theorem 17 is called 
the canonical form of all the pairs conjunctive to it. 


For a fixed c, we may arrange s;; as 


Sit = Sig =" = Sia > = Siasp 
> Sias Sia+Bry 


We set 
= €ia+1 + + €ia+B> 
= €ia+B+1 + + €ia+Bry> 


The constants o,‘"),o2',- - - are called the system of signatures of the pairs 
of forms with respect to the real root c. 

To each real root we have a system of signatures. The totality of all the 
elementary divisors and all the systems of signatures is called the system of 
elementary divisors with signatures. 


9. Law of inertia. 


THEOREM 18. The system of elementary divisors with signatures charac- 
lerize the conjunctivity of pairs of Hermitian matrices completely. More 
exactly, the elementary divisors and the systems of signatures are the same 
for all conjunctive pairs of Hermitian matrices (law of inertia) ; pairs with 
different elementary divisors or with the same elementary divisors but different 
systems of signatures are not conjunctive. 


Proof. 1) It is known that if two pairs of Hermitian matrices are con- 
junctive, then their elementary divisors are the same. Further, it is evident 
that two canonical pairs with the same elementary divisors and the same 
system of signatures are conjunctive. 

Thus it is sufficient to establish the result by showing that any two 
canonical pairs of Hermitian matrices with the same elementary divisors but 
different systems of signatures are not conjunctive. 


2) Let (J,M) and 


‘| 
a 
A 


ars 
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QO 
i j 


be two canonical pairs of Hermitian matrices with the same elementary 
divisors. If (J,M@) and (J,,M,) are conjunctive, then we have a non- 
singular m X n matrix T such that 

T(J, = (Ji, 
Then 

= 


since = M,J,? Since J? = J, and 


__ (8ij) (ees) 
MJ =m j (ci)J t+ 2 O 


we have 
Ty 
and 


ri(> )j is)) m 813) (¢, )Ty. 


j 


Also 
Ti (Dd jm) ) = (c5). 
Thus it is sufficient to prove the theorem for the case with a unique real root c. 
3) We require a 
LemMA. Let H4 denote the adjoint matrix of H. 


(i) Jf Hand K are two conjunctive non-singular Hermitian A-matrices, 
then HA and K4 are conjunctive also; furthermore, if we arrange H4 and K4 
as polynomials in r, then their corresponding coefficients (which are matrices) 


are conjunctive. 
(ii) Jf det (H) +0 and 


awh, +h, 4 +. 
then 


led 
the ) 
7 
UC- 
re 
me 
ith 
nt 
nt 
ne 
ut 
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HA h,A hA hiA 
1] 
(A) )4 == (— 1) ; 0 
0 


which is a t-rowed square matrix (ai;) with 


for i+ jSt4+1, 


0 otherwise. 
All these results may be verified easily. 


4) Since 
T(J, = (Ji, M1), 


we have 


r((A—c)J + = (A—c) 


for any A. We write, dropping the subscript i, 


M(A) = (A—c)J/+MU= D (A) 


and 


M,(A) = (A— + = 
j 


They are conjunctive for any A. Thus det (J/(A)) and det (4M/,(A)) have 
the same sign, i.e., [] = ¢;*/, since 


j j 

det (A) ) (— 1) 
Further, let 

TT (— 1) (s)-1) 
May —ar (3 
j 


The coefficient of A” is equal to 


1 0 
00 


isjsa 


wi 


an 


Ww 


t] 
0 
(| 
|| 
WwW 
0 0 
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wt 
w 


since (— 1)#(s:-1) (— 1) (1-2) (— 1) By (i) of the lemma, 
the signature of this matrix is equal to that of the corresponding expression 
of M,(A); hence 


The coefficient of A”**+ is of the form 


2: 
e( > ¢;P;) + «(— 1) 
i=j=a 
0 0 


The corresponding expression of ./,(A) may be written as 


Of 9 
> 6 Pi) te(—1) 
1<j<a 


(by arranging the first part such that ¢; =e; for 1 =i). Thus we have 


a+B 
, 
> = € j- 
jrarl 


The result follows by induction. 
10. Normal form of hypercircles. 


THEOREM 19. Every hypercircle is conjunctive under & to «a hypercircle 
with the matria 


where h, and h. may be expressed as two direct sums 


and 


hy = Deijm O ) 
1 i J 


where the c’s are real and the X’s are complex numbers. 
Proof. By Theorem 14, we have only to consider the case with 


~ 


Se 
| j=1 j=1 
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h, O O 7 


Consider the pair of Hermitian matrices (h,~, he). 
By Theorem 17, we have a non-singular matrix y such that 


O (tis) 


yhoy = Dajm' (ci) + O 


Let 


& belongs to G. Then 
h, O 0 O ) 
O O 
0 O h, O 
0 O O O 


gives the required form. ( Notice that 


2 

THEOREM 20. Every hypercircle with a matrix of the form given in 
Theorem 19 has a canonical discriminantal matrix. Apart from «;, all other 
quantities in the expression of the matrix of the hypercircle are completely 
determined by its discriminantal matric. 


The proof of the theorem needs only a direct verification. 


Thus for a given discriminantal matrix we have only a finite number of 


hypercircles, more exactly, the number of hypercircles is = 2n. We have to 


consider further whether the forms given in Theorem 19 are equivalent. The 
answer will be given in 15. 


11. Complete reducibility. 


DEFINITION. A sub-set © of G is said to be completely reducible, if we 
have a transformation %& belonging to ® such that the elements of Wt*CW® 
are of the form 


we 


th 


wl 


na 
Th 
) tic 
wh 
PY 
19 


or 
or 
or 
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THEOREM 21. Let § and & be two hypercircles with the same discrimi- 
nantal matrix D, and let det (D — AB) = 0 have more than one distinct root. 
The transformations which carry § to R are completely reducible. In par- 
ticular, of $ =8, they form a completely reducible group. 


Proof. We may assume that 


D—(_ 


where JT t, and ¢, and ¢, have no common characteristic roots. - 
Suppose that THX’ —R where F belongs to W’, then TDI’ —D. Since 


Put 
A 3S 
then 
A B F Oo D—C 
1. @., 


TC«0T, DiI, 
TA TH BT’. 


Since ¢,,¢. have no common characteristic root, we have 


A =a, + a, B= b, + bz, 
O == +> Cs, d; + de. 
The theorem follows. 
In order to investigate the conjunctivity under © of the forms in Theorem 
19, we need only investigate the conjunctivity under © of 


hy == >> ej 
he = (c) 


where c is a real number. The solutions are quite different according to 


c<0, >0 or =O. 
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12. Conjunctivity under @ for c > 0. 


THEOREM 22. The hypercircle with the matriz 


jy O 
( O ms 


ws conjunctive under & to that with 


O 
—( O 


Proof. We shall first establish the following preliminary result: 


provided c< 0. 


We have a real and symmetric matrix s‘*) such that 
== — m(c), 
if c< 0. 
The result is true for ¢ = 1, since 


V ie, sun —C. 


The result is also true for ¢ = 2. since 


( V—e ) (° ( ) 
V—c, —3(V —c)" 1 O V—c, —3(V 


Suppose that the theorem is true for ¢, then we shall prove that it is also 
true for ¢ + 2, i.e., suppose we have s such that 


sjs = — m(c) 
and 
det (sj + V—clI™) 40. 


Then, we solve 


0 0 Zz 0 0 1 
0 w’ 0 7) 0 0 s w 


i.e., we find real numbers z, u and a ¢-dimensional vector w such that 


Th 


on. 


wh 
Set 


wh 


anc 


Th 


wh 


Th 


ma 


par 


: 
| 
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0 
== —¢, wz + sjw” = 2uz + = 0. 


The first equation gives z= YW —c, the second is then soluble in w if and 
only if 


det (sj + V —cI‘)) 40 


which is true by assumption, and from the third we then have the value of wu. 


Set 
0 0 Zz 
g(t?) Q sf) 
Ss w 


where z, w. uv are determined in this way; then s‘‘**? satisfies 
g(t+2) m(t+2) (¢) 


and 
det j(t+2) 4. V —c 
= — 4c det (sj 4 —cI™) £0. 


The preliminary result is now proved. Let 


which belongs to ®. Then 


m®(c) ~ ~ O sjs 


The theorem follows. 
Consequently, the signs ¢;; corresponding to a negative c; in Theorem 19 


may be replaced by + 1. 


13. Conjunctivity under for > 0. 


THEOREM 23. Jf §, and $. are conjunctivé under ©, then the two 


At 


pairs of Hermitian matrices 


(91, 39:48) 


5) 
4 
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(S2, 
are also conjunctive under ©. 


Proof. Let be an element of G and — G2. Since =F 


and 3-1 — TA we have 


and 


Therefore 
T(AHi + = AH2 + ws: 
THEOREM 24. Let c>0, and 


hy = Daj 
he = (c). 


For different systems of signatures we have non-conjunctive hypercircles 


(under G) with matrices 
h, O 


h, O k, O 


be two such hypercircles with different systems of signatures. If they are 


under 


Proof. Let 


conjunctive under then 


h, O det (A, )hoA O 


k, O\ (det 0 
(R, (( O 4 ( O det 


are conjunctive. 
We shall now prove that 


and 


= Ah, + pdet (hi) 


is conjunctive to 


al 


be 


is 


and 
} 
= HT = TIGHAFX’. 
t! 
al 
t] 
| 
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= Ah, + det (h2)hiA. 
We have 
hiAdhe = hyA (Ahi + det (hi) he 
= det (hi) (Ah2 + det (h2)hi4) = det (hi) yp. 
Then 
= (det (hi))?y. 


Now [det (h;) |* is positive and h,hz is a matrix with a positive characteristic 
root c. Hence as in the proof of Theorem 15, we have a matrix p such that 


Aj’ = yp. 


Thus ¢ and y have the same system of elementary divisors with the same 
systems of signatures. Thus if (§, and are conjunctive, 


then 
(hi, det (h2)hy4), det (k2) 


are conjunctive, then (since h,-'=h,, ky? =—k,), 
(he, hi), (ke, ky) 


are conjunctive. By Theorem 16, they are conjunctive if and only if they have 
the same systems of signatures. 
Consequently the signs «;; corresponding to a positive c; in Theorem 19 


are significant. 
14. Conjunctivity under © for c—0. 
Here we require a preliminary lemma. 


LemMa. Let 


Ge 1 0> 
0A l 0 | 
0 0 0 1 
[0 0 


be an l-rowed matrix. The solution of 


gi ¢(m) a (Lm) 


is of the form 
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if l>m, 
0 0, 
0 0, 0 
0 By fe, 
gl lm) if l > m, 
0 0, 0, O Ly 
ine 0, Ta 


THEOREM 25. Theorem 24 is also true for c=0. 


H, O 


7 = = K’.K. = (0), 


Proof. Let 


and let 


where 


(0) 
00 0---1 


(For s = 1, it is zero.) 
Evidently H,?=K,* =I. Let 


Since THT’ —F, and THI’—D, we have THR 


Now 9 = = 4 


AT =TA, BT’ = TB, CT = T’C, DT’ = T’D. 


: 
0}? consequently, we have 


0 
| 
_(A B 
2-(4 2). 
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Now we use Greek letters to denote matrices commutative with 7. Then 
A=4a@, B= BH,, C = Hy, D = H;8H,, 


since 7’ = H,TH,. Since 


A B H, O A B\’_(K, O 
DJ \oO 4H. Cc D 


K, = 1H,A’ + BH.B’ = + BH,H.H,p’ = TBH, P’. 


we have 


Write 
K, = 154, 
with 
kig=eij@, hij =0 for ij. 


Similarly, we write 
H, = (hij) 
with 
hag for 154}. 


Further, we write 
T = (tij) 
with 
=m (80) (0), for 147; 


and finally. we write 
Then 
hij = 2 +. tin 


Now we consider the element in the (s;,1)-position. The contribution 
from is either ¢&; for or 0 for is4j. The contribution from 
¥ tix: - - is zero, since the last row of ¢;) is zero. 

. By the lemma, since 
= 
we have 
Ori 


| 
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or= | 0 for si; < 
0 0: 
0 Vik oo 
or = for $j; = 
0 0 Vik 


The element in the (s;,1)-position of jy is zero for Ap; is zero for 
Si 8,3; 1s zero for sj > sy; and is 


Lin€nTjr for > Su = = 


Thus we obtain 
if i= 4 


Let all the elements s, equal to sy be 


Then 
0 0 €7+1 0 0 
0 0 ad 0 0 €nsrt 
Thus 


The result follows. 


15. Canonical form of hypercircles. We now summarize the results 
of 10-14. 


THEOREM 26. Every hypercircle is conjunctive under & to a hypercircle 


with the matrix 


H, O hi” O 0 


where h, and hz may be expressed as two direct sums 


i 
— 


for 


Its 


cle 
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he =X (cg) + mv (cy) +33/( O 


(dy) 


and 


q( tis) 


where the first double summation runs over non-negative c’s, the second runs 
over negative c’s and the third runs over all complex 2’s. 


Moreover, to each non-negative c, we may define the system of signatures 
as we did for the pairs of Hermitian matrices. Elementary divisors and sys- 
tems of signatures characterize completely the conjunctivity of hypercircles 
under 

Thus the problem of the conjunctivity of hypercircles under @ is now 
solved completely. 


16. A final remark. 


The treatment is much simpler for the case of the group @, which 
consists of all transformations of the form 


Z, = (AZ + B)(CZ + D)-, 
AB’ Bi’, CD’=DC AD—BC 


It is evident that a transformation with the matrix 


A B 


belongs to G;r if and only if 
TIL’ — 
Correspondingly, the transformation of hypercircles may be written as 
THT’ R. 


Thus, the pair , ® are conjunctive under G,, in the strict sense, if and only 


if the pairs of Hermitian matrices 


(G15), 
are conjunctive. 
The classification of the hypercircles under (,; is thus simply a straight- 
forward application of the preceding results on pairs of Hermitian forms. 
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DIOPHANTINE APPROXIMATIONS AND HILBERT’S SPACE.* 
By AvurREL WINTNER. 


1. The object of this paper is a class of complete sequences of functions 
which, in view of its connections with various problems of the analytic theory 
of numbers, is a class of arithmetical significance. It is understood that a 
sequence of functions f,(t), f.(t),- - -, wherea= is said to be com- 
plete if it forms a basis of the realization L*(a,b) of Hilbert’s space (that is, 
if the sequence can be orthogonalized into one satisfying Parseval’s relation 
for every function of class (Z?) on the interval a=t=b). The complete 
sequences in question result from an appropriate form of an analytical counter- 
part of the sieve of Eratosthenes. This is illustrated by the following result 
on the fundamental function of the theory of Diophantine approximations: 

(I) Jf (t) denotes the least non-negative residue of t (mod 1), 


then the sequence 


is (L*)-complete on the interval Ot S 3. 

As will be seen from the proof, the numerical value, $, of the length of 
the interval is introduced by the formal circumstance that the Fourier expan- 
sion of the underlying periodic function (1), or rather of the first Bernoullian 


function 


a 
(3) B,(t)=t—[t] —4~—3 sin2xkt; OStS1, 
k=1 


contains only the sequence of the odd harmonics of the interval 0S ¢=1; 
a sequence which is complete only for 0 = ¢= 4. The adjunction of a non- 
vanishing constant, 1, to the functions (nt) in (2) is necessitated by the fact 
that the mean-value of (3), but not of (1), is 0 over a period. Actually, there 
results a sequence which is not complete on the Hilbert space L7(0, 3), if any 
of the terms of the sequence (2) is omitted. In other words, if 


(4); + c1.(t) + c2.(2t) en.(nt) =0, (0=tS}) 


* Received November 17, 1943. 
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(almost everywhere), then every c is 0. This is readily seen from the geo- 

metrical structure of the graph representing the successive transforms of the 

broken linear function (1). Another proof results if the Fourier series of 

the functions (7), (2¢),---, (nt) (having the respective periods 1, $,---,1/n) 

are substituted into (4), since the uniqueness theorem of Fourier series (of 

period 1/n!) then asserts that c, cn and co + 
The formal transition from the completeness of the system 


(0=t=}), where (t) —sin 2xt, to the completeness of the system (2). 
where $(t) = B,(¢), depends on the fact that the sieve-process of Eratos- 
thenes is reversible. It will be convenient to use this reversibility in its explicit 
form, as expressed by Mobius’ inversion formula. In fact, the latter implies 
that, if either of two sequences, say A(1),---, and 
B(n),- ++, is given arbitrarily, then the other sequence is uniquely deter- 
mined by the assignment 
(6) B(n) A(d), (m= 1,2,-- 
the explicit inversion of the linear transformation (6) of the sequence 
A(1),A(2),- into the sequence B(1), B(2),- - - being 


(7) A(n) =3p(n/d)B(d), (n = 1,2,-- -) 
d\n 
(u is Mobius’ factor, defined by the identity 


foe 
(8) (1—p*) =Sp(n)n-*, > 1), 
p n=1 
where p runs through all primes). It is understood that the summation index, 
d, in (5) and (6) runs through all positive divisors of n (including d= 1 


and d=n). 


2. The italicized assertion (1) with regard to the sequence (2) can be 
thought of as a dual of the approximation theorem of Kronecker-Weyl (or. 
rather, Jacobi-Bohl), according to which the sequence (2) is of uniform 
asymptotic distribution on the interval (0,1) for every fixed irrational ¢ (and 
so, in particular, for almost every fixed ¢). In addition, if the sequence (2) 
is interpreted as representing the successive rotations of a circumference by 
a fixed irrational angle, then, according to G. D. Birkhoff and P. A. Smith. 
the resulting measure-preserving transformation of the interval (0,1) is 


ns 
ry 
a 
te 
T- 
It 
] - 
n 
e 
y 
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metrically transitive (but it is not a mixture). Thus there arises the question 
as to a description of further duals of the ergodic theorem which correspond 
to the assertion (I) in cases in which the irrational rotations are replaced by 
less explicit measure-preserving transformations of (0,1). But I did not 
succeed in obtaining a satisfactory characterization of these peculiar ergodic 
transformations, supplying, as in the particular case (2), a linear basis of the 
(L?)-space carried by a suitable subset of the set (0,1). 

On the other hand, generalizations of the completeness property of (2) 
in an arithmetical, rather than a measure-theoretical, direction can be proved 
without more effort than in the case (2) itself. In particular, the assertion of 
1 concerning (3) will be generalized as follows: 


(11) If the index X (which may be complex) is such as to make either 
of the trigonometric series 


(9:) ~ cos (92) ~ Sk sin Qakt 
k=1 
a Fourier series (L*), 1. e., tf 


(10) RA > F, 


then the sequence (5) belonging to either of the functions (9,), (92) of period 
1 is (L*)-complete on the interval OS tS 3. 


This includes not only (3) but also the higher Bernoullian functions 
B.(t), Bs(t),--- and their extensions to a fractional index (with the limita- 
tion (10) of the index). Actually, the explicit arithmetical structure of the 
coefficients in (9,), (92) will be fully needed only in order to make available 
Mobius’ inversion itself, rather than the generalizations of (6), (7) to the 
case of an arbitrary “Dirichlet inversion” (in this regard, cf. Holder [5], 
Landau [6] and 5-6 below). 


3. The proofs will be based on a combination of Mobius’ inversion with 
a treatment which I applied some time ago to a trigonometric series con- 
sidered by Riemann (cf. Wintner [9] and, for generalizations, Hartman and 
Wintner [3], Hartman [2]), as follows: 


(III) Let an integrable function of period 1 and of mean-value 0, 


say the function 


(11) $(t) ~S (ax cos 2nkt + by sin 2akt), (a9 —0), 
k=1 


er 


od 


~2 
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satisfy the (L*)-condition 


oo 


(12) ae |? + | be |?) < 


because of the existence of an e > 0 for which 


(13) dy, = O(k-**), by = O(k**), 
and let ¢,,¢2,- be any sequence satisfying 

(14) =| cn |? << 

n=1 


because of the existence of an » > 0 for which 
(15) Cn = O(n), 
Then the series 

(16) (nt) 

n=1 


is convergent in the mean of (L*) on (0,1). Furthermore, if f(¢) denotes 
the function of class Z°*(0,1) to which the partial sums 


(17) = cr (t) + + (nt) 
of (16) converge in the mean (J/*), then the Fourier analysis of f(t) is 
given by 
(18) f(t) ~& (a cos 2xkt + sin (% =—0), 


where, if d(== 1) runs through all divisors of k, 
(19) == Ca Bu = Ca besa. 
alk a\k 


In fact, from (11), 


fo @) 


(20) (nt) ~ (a, cos 2ankt + dy sin 2xnkt) 
ke=1 

for n=1,2,---. Hence, from (17), 

(21) fn(t) ~ 3 (ay" cos By" sin 
k=1 


if the coefficients 2,", Bi", %", Bo", - - belonging to a fixed n are defined by 
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nd 
by 
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dn 
(22) == Ca Axa; Bx" = Ca dx a. 
alk 


If w is replaced by m both in (21) and (22), and if m > vn, it follows, by 
applying Parseval’s relation to the function fim(t) —fn(t), that 


e7 0 k=n+1 ak 


Accordingly, 
> 


(23) flim) dt SB (Ae + Be) for m>n, 


if A;, B, are abbreviations for the finite sums 


(24) Ay | CaQk sa |, B, = | Cabxa 


Consequently, it is sufficient to ascertain the existence of a sufficiently 
small § > 0 satisfying 
25) A; = O(k-*). 


In fact, if (25) is assured, then the inequality (23) implies that the integral 
cu the left of (23) tends to 0 as no, m— co. But the compactness of 
Hilbert’s space then supplies the existence of a function f(t), of class (L°), 


satisfying 
so that 
(27) f(t) ~ crp(nt), 
n=1 


if (27) is meant to signify that the partial sums, (16), of (17) tend to f(/) 
in the mean of (L*) on (0,1). Finally, if a, & denote, as in (18), the 
Fourier constants of f(t), then the assertion (19), where a —0, follows 
from (21), (22) and (26), since, if & is fixed, the finite sums (22) tend 
obviously to the corresponding finite sums (19), as n—> o. 

The truth of (25) is implied by those assumptions which have not been 
used thus far, namely, by (13) and (15). In fact, it is seen from these 
assumptions and from the definitions (24), that both A, and B;, are majorized 
by a fixed multiple of 


dik alk 


by 


& 
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Ifence, if e > 0 and 7 > 0 in (13) and (15) are so chosen that ¢ = 2y, then 
both Ax and Bb; are majorized by a constant multiple of 
alk alk d\k 
But it is easily seen that the sum of the e-th powers of all divisors of kis 
O(k**), if >0 and » >0 are arbitrarily fixed (for logarithmic refine- 
ments, which express the best possible asymptotic inequalities but which are 
not needed here, cf. Gronwall [1]). Hence, if » is chosen to be $e, the last 
of the above estimates of A, and B; shows that (25) is satisfied by § = $e. 
This completes the proof of the existence of (18), (27) and of the 


representation (19) of the Fourier inversion. 


4, The assumption (13) is an explicit refinement of the (.7)-assumption 
(12) for (11), and (15) is a corresponding refinement of (14). It is clear 
from the above proof for the existence of the function (27), that (13) and 
(15) can be improved logarithmically, but that the proof fails if only (13) 
and (15) are assumed. One might think that this failure is due to the method 
alone. But it turns out that such is not the case. In other words, the existence 
of a function (27) is not an issue in Hilbert’s space, since (12) and (14) 
do not imply that the partial sums of the series (16) defined by (11) converge 
in the mean (L*); not even if (12) ts refined to (138). 

In fact, even if (11) is chosen to be the function (3) belonging to the 
sequence (2) of the assertion of 1 (a function which, being of bounded varia- 
tion, satisfies (13) for e= 4), the replacement of (15) by (14) will still lead 
to series (16) for which the function to be defined by (27) does not exist. 
This follows from (IV) below, since the Dirichlet series corresponding to the 


odd Fourier series (3) is 


k=1 
and has therefore a pole at s==1. The general criterion runs as follows: 


(IV) For a given function o(t) of period 1 and of class (L*), defined 
by (11) and (12), the partial sums of the periodic series (16) belonging to 
an arbitrary sequence ¢,,¢2,°** satisfying (14) cannot converge in the mean 
(L?) unless the Fourier constants of $(t) are such that both functions defined 
by the Dirichlet series 


(29,) ; (292) > 
ke=1 


are regular-analytic and bounded in the half-plane Rs > 0. 
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All that (12) ensures, by Schwarz’s inequality, is the absolute con- 
vergence of (29,) and (29.) in the half-plane Rs > 4; in fact, if a, —0 
and bn = n+ log (n+ 1), then (12) is satisfied but (29.) diverges at s =} 
and is, in addition, not a bounded function in the half-plane Rs > 3. But 
the deficiency of the (Z?)-condition (12) is even greater than the possible 
divergence of (29,), (29.2) in the critical strip 0 < Rs < 4; in fact, the 
example (3), (28) shows that not even the convergence of (29,), (29.2) on 
the whole of this critical strip can guarantee that the condition required by 
(IV) is satisfied. What is true is the converse, namely the fact that (29,), 
(29.) must converge on the whole of the critical strip if the functions repre- 
sented by (29,), (292) in the half-plane Rs > $ possess analytic continuations 
which remain regular and bounded in the half-plane Rs > 0 (Bohr) ; a con- 
verse quite irrelevant for the present problem. 

The proof of (IV) will be based on a connection between the sieve of 
Kratosthenes and the D-matrices of Toeplitz [7]; a connection pointed out, 
but not further followed, before (Wintner [8]). This connection is obscured 
by the fact that, in contrast with the Eratosthenian algorithm underlying 
(19) and (22), Toeplitz’s representation of his bilinear forms is not such as 
to correspond to an infinite matrix of zeilenfinit type. But the arithmetical 
significance of this discrepancy is merely the Eratosthenian counterpart of the 
difference between Riemann’s and Lebesgue’s ways of reading the integral of 
a continuous function. 

It may be mentioned that, if only (12) is assumed for the function (11), 
then, for any pair of positive integers n, m, 


1 x 
f )b(mt)dt = 3 > n,m) Cem / (n,m) + Dicn n,m) n,m) ) ’ 
0 


k=1 


where (n,m) denotes the greatest common divisor of n and m (so that the 
subscripts of a and b run through two fixed multiples of the summation 
index k). This is easily seen from (20), if the polarized form of Parseval’s 
relation is applied to the pair ¢(nt), d(mt). 


5. Inasmuch as (13) and (15) have been used only when proving that 
the integral on the left of (23) tends to 0 as n> «©, m—> o, it is clear from 
the arrangement of the proof in 3 that, if only (12) and (14) are assumed, 
and if ¢(t) and f,(t) are defined by (11) and (21) respectively, then there 
exists a function f(t), of class (L*), satisfying (26) and having the Fourier 
expansion (18) in which the coefficients are given by (19). This implies that, 
if ax, b;-, Cc, are arbitrary constants satisfying (12) and (14), then their bilinear 


combinations (19) must satisfy 
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(30) (1% 1? + | Be |?) < 


by Parseval’s relation. Hence, if either the numbers dx, cx, %; or the numbers 
bis Cx, Bx are denoted, respectively, by Ax, x, yx, it is clear that (IV) is con- 
tained in the second part of the following criterion: 


(V) Ax, is a fixed sequence of constants, the vector (41, Y2,°**), 
into which an arbitrary vector (2, ®2,°++) is transformed by the corresponding 
FHratosthenian substitution 


(31) Yu = (k=1,2,---), 
a\k 
becomes a point (y:,Y2,°°*) of Hilbert’s space for every point (21, %2,°-*) 


of Hilbert’s space if and only if the Dirichlet series 


OO 
(32) 


k 


defines a function regular and bounded in the half-plane Rs > 0. 


According to a fundamental criterion of Hellinger and Toeplitz [4], an 
infinite matrix is bounded (in Hilbert’s sense) if and only if it transforms 
every point of Hilbert’s space into a point of Hilbert’s space. Hence, if (31) 
is thought of as written in the form 


(33) Ye = (k= 1,2,- °°), 


1 


~ 


(so that, for instance, wx; == 0 whenever 1 >), then the assertion of (V) 
is equivalent to the statement that the infinite matrix (7) is bounded if and 
only if the Dirichlet series (32) defines a function regular and bounded in the 
half-plane Rts > 0. 

Toeplitz [7] has shown that (32) defines such a function if and only if 
the infinite D-matrix” which he associated with the coefficients A,, A2.° 
of (32) is bounded. Consequently, the assertion of (V) is that the D-matrix 
helonging to (32) is bounded if and only if the matrix (yx:) is. But the 
D-matrix belonging to (32) is defined as follows: The first row consists of 
the sequence A;,A2,°**,Ar,°** (Ar being the /-th element of the first row), 
and the k-th row results if one inserts # —1 zeros in front of every element 
of the sequence A,,A2,***. Hence, it is readily realized that the transposed 
matrix of this D-matrix is identical with the matrix (px:) which is obtained 
if (31) is written in the form (33). In fact, the identity of the matrix (yx) 
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with the transposed D-matrix is just a concise formulation of the sieve-process 
of Eratosthenes. 

Since a matrix is bounded if and only if its transposed matrix is, the proof 
of (V) is complete. 


6. The proof of (IIL) proceeds as follows: 
Let (11) be given either by (9,) or by (9.); so that 
(34, ) a, =k, = 0: (34. ) ay: = 0. by 


in the respective cases. Then, since (10) is assumed, (25) is satisfied. Hence, 
if ¢;, C2,°** 18 any sequence satisfying (15), the functions (17) are such that 
there will exist a function f(t), of class (L*), satisfying (27). But this f(¢) 
will then be given by (18) and (19). And (34,), (342) show that (19) can 


now be written in the form 


(35, ) = A cy, Bx = 0; 
ak 
(352) = 0, k* By ca 
dik 


in the respective cases (9,), (92). 
Consequently, in order to prove (II), it would be sufficient to show that. 


if f(t) is any given function of class (Z*) on the interval 0 = / = 4, and if 


In (35,) or in (35.) are given by either of the Fourier 
series 

(36, ) f(t) — ~ % cos 2Qrkt, 4), 

90 . 
(36.) f(t) ~& By sin 2xkt, (0=tS}), 

k=l 


(so that all that is known of the given constants a or Bx 1s 


oO x 
(37:) 0; (372) Bel?< 
k=1 k=1 
in the respective cases), then the constants ¢,,¢2,°°: assigned by either of 


the infinite systems (35,), (35.) of linear equations must satisfy (15). But 
it will be shown in 7 that this plan cannot be carried out, i.e., that (37; ) 
and (35;) do not imply (15), where either =1 or = 2. However, the 
plan needs only a slight modification. 

In fact, if 7 = 1, it is sufficient to carry out the plan for each of the 
particular functions f(t) = cos 2xkt, where k is a fixed positive integer. For 


| 
| 
| 
( 
| 
| 
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suppose that (35,) and (36,) are verified to imply (15) when (36,) is given 
by a fixed f(t) cos 2rkt. Then (26) and (17) show that this particular 
f(t) is within the (Z°)-range of the linear function-space generated by the 


hasis 


On the other hand, all these particular functions f(/) and the constant 1, 
that is, the functions 


(39,) 1, c06 2at,: cos - - 


form a linear basis of the whole (Z?)-space on 0 =/ = 3. Since (5) results 
by adjoining to (38) the first element of (39,), the assertion of (I1) for the 
case 7 = 1 now follows by adding two $e’s, the (L7)-space on 
being a metric space. 


If = 2. then (39,) becomes replaced by 
(392) sin - -,sin Qrkt,- - 


However, the transition from (38) to (5) is still needed, as illustrated by 
the transition from (3) to (1) and (2) in the particular case (1) of (II). 
What remains to be shown is that (35;) and (36;) imply (15) when 
f(t) = cos 2ant or f(t) —=sin 2rnt according as 7 —1 or j = 2, where n is 
any fixed positive integer in either case. For reasons of symmetry, it will be 
sufficient to consider the case 7 = 2. 
Clearly. (35,) can be written in the form (6) by placing 


(40.) A(k) = k* cx, B(k) = k* By. 


Since the linear transformation (6) of A(1),A(2).--: into B(1), 


has the unique inverse (7), it follows that (35.) is equivalent to 


(41.) cy = Ba. 
dik 
Suppose now that (36,) is given by f(¢) = sin 2rnt, where n is fixed. 
This means that Be ek. Where is the unit matrix. Thus (41,) 


shows that 


(425n) if n|k, and c, 0 otherwise. 


Since (8) implies that |» 1, it follows that | cx |S | &-‘n*| for every 


so that, since n is fixed. c= O(|kr-*|) as ko. Hence, (15) is assured 


by (10). 
This completes the proof of (IT), and therefore that of (1). 


yt 
) 
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7. In order to prove the truth of the negation italicized after (37,.). 
it is more than sufficient to show that (372) and (352) do not imply (14). 

It turns out that (37,) and (35,) fail to imply (14) even in the case 
A=1 of (3) or (1), where (13) is satisfied by e=4. In fact, (35.) is 
equivalent to (41), which means, if A= 1, that 


(43) Cx = 3 p(k/d) (k/d) Ba. 
d\k 


Hence, the assertion is that (14) does not follow from (37.), if c, is defined 
by (43). But (43) can be written in the form (31), where 


(44) and ye = Ce 


It follows therefore from (V) that the assertion is equivalent to the statement 
that the Dirichlet series (32) does not define a function regular and bounded 
in the half-plane Rts > 0, if AX —yp(k)k*. But (8) shows that this Dirichlet 
series is identical with 1/{(s + 1), since the product (8) is the reciprocal 
value of Euler’s product for {(s). 

Since £(s) is known to become arbitrarily close to 0 in the half-plane 
Rts > 1, it follows that the function (32) is not bounded in the half-plane 
Rs > 0; so that the proof is complete. 


8. The method applied in 6 proves not only (II) but certain variants 
of (II) as well. In this direction, the following analogue of (1) seems to be 
of particular interest: 


(VI) If (t) ts of period 1 and o(t) =t/|t|=+1 for0< 


then the sequence (5) is (L*)-complele on the interval 0OStS f. 
First, in the same way as both (39,) and (39.) are (17)-complete on 


the interval 0 =¢= 4, the sequence 
(39*) 1, v(t), w(3t), 


is (L*)-complete on the interval 0S 4} if either y(t) =cos or 
y(t) —sin 27t. Hence, the proof of (II) in 6 can obviously be transcribed 
to the case where k& in (9,), (92) is restricted to be odd, if the interval 
0=t=4 occurring in the assertion of (II) is replaced by 0S/S}; 
so that (II) has the following variant: 


(VII) If A satisfies (10), and if o(t) denotes either of the functions 


(9,*) 


k 


(2k — 1) ‘cos 24 (2k —1)t; 


1 


ed 


on 


nS 


DIOPHANTINE APPROXIMATIONS AND HILBERT’S SPACE. 5 


‘ 
(92*) p(t) ~& (2k —1)~ sin 2n(2k —1)t, 
&=1 
then the sequence (5) is (L*)-complete on the interval OS tS 1h. 
This contains (V1), since 4/z times the series (9.*) belonging to \= 1 


is the Fourier series of the function ¢(¢) defined in (VI). 


9. The above considerations contain a general criterion for the bounded- 
ness of certain non-negative definite Hermitean matrices, derived from an 
arbitrary function, of class (L*), by the sieve of Eratosthenes, as follows: 

(VIII) Let p(t) be a real-valued function which is of class (L*), 


has the period 1 and the mean-value 


(45) “$(t)dt =0, 
and ts either even or odd. In either case, the infinite matrix 
a1 
is bounded if and only if the Dirichlet series 


(47) 


k=1 


defines a function regular and bounded in the half-plane Rs > 0, where 


Ai, denote the real Fourier constants of $(t), as given by 
x 

(48, ) b(t) ~ cos ; (48.) Ax sin 2rkt 
e=1 k=1 


in the respective cases (so that 


o 


k=1 


in etther case). 


The non-negative character of the (real) symmetric matrix (46) is clear 
from the identity 


or 
Mz 


n 1 
> = ( fn(t)* dt 0, 
0 


1 [=1 


where (gx:) and f,(¢) denote the matrix (46) and the function (17) respec- 
tively. This identity might suggest for matrices of the structure of (46) 
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a rule corresponding to Toeplitz’s description of the spectra of his L-matrices. 
However, the determination of the spectrum involves delicate questions of 


* interference ” 


in the case of (46). 

In view of (V), the assertion of (VIII) is equivalent to the statement 
that (46) is bounded if and only if (p,:) is bounded, where (wer) denotes, 
as in 9, the matrix which results if (31) is written in the form (33). But a 
real matrix, say M, is bounded if and only if the matrix product MW’ M. 
where J’ denotes the transposed matrix, exists and is bounded (Hellinger 
and Toeplitz [4]). If this fact is applied to M = (jm.), it follows that 
(VIIT) will be proved if it is verified that the boundedness of the matrix (46) 
is equivalent to the (existence and) boundedness of the matrix (G,:), where 
G;., denotes the series 

(51) 
h=1 

Since (12) and (11) are now represented by (49) and (48;). where 
either 7 = 1 or j = 2, the bilinear identity of the last formula line in 4 is 


applicable and can be written in the form 


(52) (lt) dt = $ Ant 
J 0 h=1 

(in either case), where (/:,/) denotes the greatest common divisor of & and 1. 
Correspondingly, the balance of the proof of (VIII) follows from the sieve of 
Eratosthenes. In fact, since (,.;) denotes the matrix which results if (31) 
is written in the form (33), the series (51) turns out to be identical with 
the series multiplying 3 on the right of (52). 

Needless to say, the existence of the matrix formed by the elements (51). 
i.e., the convergence of the series (51) or (52), is assured by (49). as seen 
from Schwarz’s inequality. 


10. The criterion (VIII) becomes of particular arithmetical interest in 
case the Fourier constants of (48,), (48.2) are “completely multiplicative ” 


functions of their index, i. e., if 


(53) =AmAn When r—mn, 


where A, ~0 (hence A; 1). 
In this case, the series (49) possesses the Eulerian factorization 
x 
(54) > A," = II (1 + A,**), 
k=1 p I=1 


where p runs through all primes; so that (49) is equivalent to 


\ 
I 


e 
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-~> 


~> 


(55) SAp? < 

p 
It is also clear from (53) that the 4-th term of the series multiplying } in 
(52) is identical with Ax*Acx;1), if (4:1) is an abbreviation for the positive 


integer 
(56) 1) = kl/(k, 1)?. 


Thus (52) can be written in the form 


1 
f dt = const. const. = 411, 
where II denotes the positive number (54). Finally, (47) admits, by (53), 
the Eulerian factorization 
x 
(58) S ++ (p* —1)-Ap) 
k=1 p 
(at least for Its > 4). 
Accordingly, (VIII) implies the following boundedness criterion of 


arithmetical nature: 


(IX) For any sequence of real numbers d,,A2,° - + satisfying (53) 


and (55). the infinite matrix 
(59) (k,l 1,2,-- -), 


where (k:1) = (l;k) denotes the integer (56), is a bounded matrix if and 
only if the Eulerian product (58) defines a function reqular and bounded in 
the half-plane Ks > Q. 


An example of (53) is Ax —=A(Kk)h-? where A(k) denotes Liouville’s 
coefficient and o is any real constant. It turns out that (1X) then leads to 
exactly the same condition for o as in the simplest. possible case of (53), 
namely in the case Ay = Ar’. 

If A; = k-?, where o is a fixed real number, the series (58) represents 
the function £(s +), and is therefore regular and bounded in the half-plane 
Ns > 0 if and only if the value of « (which is nof the real part of s) exceeds 1. 
It follows therefore from (IX) and (56) that the infinite matrix 


hk. 1)-9 
(60) Jo (k,1=1,2,---), 


l 

) 

) 
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is bounded if and only if o >1, where (k,1) denotes the greatest common 
divisor of & and 1. 
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A SUMMATION METHOD ASSOCIATED WITH DIRICHLET’S 
DIVISOR PROBLEM.* 


By AuREL WINTNER. 


1. For any function s=s, of the positive integer n, let D,(s) denote 


the function 


(1) Dale) — [n/m]) s/n 


m=) 


of n, where’ [x] is the greatest integer not exceeding z. This linear trans- 


formation of s;, +, when multiplied by the positive constant (1 = (C)-", 
where C is the Euler-Mascheroni number, has the same structure of weighted 
averaging as the transformation of s,, s2,° - - into the successive arithmetical 
means 
n 

(2) My (s) — Sm/n 

m=1 
of s;,82,°* +. In fact, both (1) and (2) represent the arithmetical mean of 
the n values f(1/n)s,, f(2/n)s.,---, f(n/n)s, belonging to a fixed non- 


negative, R-integrable function f(t), 0 = t= 1; the latter being the constant 


1 in the case of (2) and the discontinuous function 
(3) f(t) — (0<t<1) 


in the case of (1). The normalizing factor (1—(')' is introduced by the 
fact that, while the average of f(¢) =1 over the interval 0/1 is 1, 


the average of the function (3) is 


vl v1 n 
f f(t)dt = lim (t-? — [t-?]) dt = lim (log n — 3 m™) = 1—C. 
J 1/n n—>X m=2 
Thus, from (1), 
(4) Dr(1) (n/m — [n/m])/m>1--C, (n>). 
m=1 


If d(n) denotes the number of all divisors (221) of n, then the case 


Sn = 1 of the definition (1) can be written in the form 


= Received December 10, 1943. 
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n n 
— Dn(1) d(m) /n—31/m = (3S d(m) —nlogn —n€ + O(1))/n. 
m=1 m=1 m=1 

If this is compared with (4), it follows that the problem which, since Hardy’s 
paper of 1915, is called the divisor problem of Dirichlet is equivalent to the 
problem of the maximum order of the remainder term of the limit relation 
(4), that is, to the determination of the greatest lower bound of those indices 
8 for which D,(1) differs from the constant 1—C only by O(n-8). In fact, 
Dirichlet’s elementary result can be expressed by saying that this error term 
is O(n), and about all that is known today is that the greatest lower bound 
in question is certainly less than 1/3 but cannot be less than 1/4 (and that 
it cannot be a minimum if it happens to be the optimum, 1/4). 

In the present paper, a different, though from a Tauberian point of view 
closely related, aspect of the matrix of the transformation (1) will be investi- 
gated. If the Tauberian point of view is replaced by a certain Abelian one, 
then the divisor problem of Dirichlet ceases to be relevant for the questions 
considered. In fact, the latter then are connected with another divisor problem 
of Dirichlet, namely with the asymptotic distribution of the n fractional parts 
which remain when a large positive integer n is divided by any of the positive 
integers m not exceeding n. 

The “ Tauberian” and the “ Abelian” connections with the respective 
divisor problems of Dirichlet result if the transformation of an arbitrary 
sequence s,,S2,°-~* into the sequence D,(s), D2(s),--- defined by (1) is 
thought of as defining a linear summation process (in the sense of the theory 
of divergent series). In fact, the “ D-process” (1) represents an arithmetical 
counterpart of the “M-process” (2), that is, of the process of (C,1)- 
summation. However, these two processes prove to be incomparable, that is 
to say such that either of them can be effective when the other is ineffective. 


2. The simplest fact on the linear summation process defined by (1) 
is that it becomes a regular summation process upon the insertion of the 


factor of proportionality assigned by (4) : 
(i) Jf lim s, exists, then lim D,(s) eaists and 


(5) lim Da(s) = (1— lim sy: (1). 


On the other hand, the existence of lim D,(s) does not imply the exist- 
ence of lims,. More than this negation is implied by (iv) below. 
If m is fixed, the n-th matrix element situated in the m-th column of the 


matrix of the linear substitution (1) tends to 0 as n > o, since 
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lim (n/m [n/m])/n = 1/m —1/m = 0. 

Furthermore, the real function (3), and therefore every element of the matrix 
of (1), is non-negative. Finally, (4) shows that (1— (C)-* times the sum of 
all elements contained in the n-th row of the matrix of (1) tends to 1 as 
n—>o. Accordingly, all three conditions of Toeplitz [5] are satisfied. This 
proves (i). 

A substantial refinement of (i) is contained in (vi) below. 

The classical analogue of (i) is that convergence implies (C,1)- 
summability. The relevant analogue corresponding to Abel’s theorem (that 
is, to the fact that convergence implies (A)-summability) naturally involves 
the “discrepancy between the summability of the series 3s,/n in the sense 


‘of Lambert and in the sense of Abel”, as follows: 


(ii) Jf lim D,(s) exists, then both series 


x 
Ar(s) Sar*/n; (%) Lr(s) sar"/(1 — 1*) 


n=1 n=1 
converge for <1 and satisfy the limit relation 
(8) A,(s) (1—r)LZ,(s) ~lim D,(s) as r>1—0. 


The proof of (ii) requires only an application of the classical Abelian 
argument (valid not only for power series but for Lambert series as well), 
and will therefore be omitted. Actually, generators of the type (71), (72) 


will not be considered in the sequel. 


3. It will be shown in 5 that (i) cannot be so refined that the assump- 
tion of convergence becomes replaced by the assumption of (C, 1)-summability. 
that is, the existence of lim s, by the existence of lim Mn(s) ; cf. (2). All that 
can be said is that the summation processes defined by (1) and (2) cannot 


lead to contradictory evaluations: 
(iii) Jf both lim Dn(s) and lim My(s) exist, then 
(9) lim D,(s) = (1— lim Mn(s) ; C=—TI’ (1). 


This will be verified by first calculating the elements of the infinite 
matrix which transforms the averages (2) into the averages (1). 

To this latter end, let both sides of the definition (2) be multiplied by n. 
Then, if n is replaced by n —1, it follows by subtraction that 


(10) Sn = nM, (s) — (n—1) Mai (s) M,(s) = 0. 


{ 
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But the explicit form of the linear substitution transforming the averages (2) 
into the averages (1) follows by substituting the case n =m of (10) into the 
sum on the right of (1). After obvious reductions, the result of this substitution 
appears in the form 


n-1 


(11) Dy(s) = GmMm(s), (n>1; D,(s) =9), 


m=1 


where the absolute constants a are given by 
(12) = 1/(m + 1) — [n/m] m/n + [n/(m + 1)]m/n 


(the brackets [ ] refer to the greatest integers but (m+ 1) is just m+ 1). 

It is clear from the general theory of linear summation processes, that 
the consistency of the evaluations, which is the claim of (iii), is equivalent 
to the following pair of assertions (which correspond to Toeplitz’s three-fold 
condition for regularity, used in 2): The n-th matrix element situated in the 
m-th column of the matrix of the linear substitution (11) tends to a limit, as 
n—> 0, for every fixed m, and the sum of all matrix elements contained in 
the n-th row tends to the limit 1— C as n> ©. But (12) shows that, if m 
is fixed, the n-th element of the m-th column tends to the limit 1/(m + 1), 
since 

— lim [n/m]m/n+ lim [n/(m+ 1) ]m/n =—1+4+1=0. 


n> x 
Hence, in order to complete the proof of (iii), it is sufficient to ascertain that 
the sum (11) belonging to the sequence M,(s) = 1, M2(s) =1,- tends to 
the limit 1— Cas n—> o. And the truth of this limit relation can be verified 
either from (11) or as follows: 

According to (2), the sequence M/,(s),M.(s),--- belonging to the 
sequence s; =1,s,=—1,--- is M,(1) —1,M.(1) —1,:--. Hence, (11) 
shows that D,(1) is identical with the sum of all coefficients gm belonging 
to a fixed n. Consequently, the assertion is identical with the limit relation 
Dn(1) ~1—€. But the latter is precisely (4). 


4. This completes the proof of (iii). It will now be shown that neither 
of the assumptions of (iii) can be omitted. First, the following one of these 
two negations will be proved : 

(iv) The existence of lim D,(s) does not imply the existence of 


lim M,(s). 


In order to prove (iv), it is sufficient to show that the inverse of the 
linear transformation (11) does not satisfy the norm-condition of Lebesgue- 


(| 
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Toeplitz, that is, that the sum of the absolute values of the elements contained 
in the n-th row of the inverse matrix is not 0(1) asn—> ©. 

Actually, this method seems to fail in the present case, since the linear 
transformation (11) has no proper inverse, all elements of the matrix of (11) 
being 0 not only above, but also within, the principal diagonal. In addition, 
(12) shows that the only « occurring in the second row, namely @2;, is 0. 
However, if n > 2, then the integral part of the ratio of n either to n —1 
or to n is 1, and so the case m = n—1 of (12) shows that 


(13) An n-1 = 1/n, if n > 2. 


Consequently, the formal difficulty can be avoided by the following device: 
If n runs through all positive integers greater than 2, and if Hn_1(s) 
is an abbreviation for the difference 


(14) En-1(s) = D,(s) Oni M, (s), 


then (11) can be written in the form 


n-1 
(15) (s) > m(s), 

m=1 
which, since n = 3, 4,---, represents a linear transformation of the sequence 
Mz(s), M3(s),: into a sequence F2(s), E3(s),: The matrix elements 


situated above the principal diagonal of the matrix of this linear trans- 
formation are all 0, but the n-th diagonal element, being precisely the number 
(13), is distinct from 0 for every n. Consequently, (15) has a unique inverse 
of the form 


n-1 
(16) Mn_1(s) == BamEm(8), 


m=2 


and the n-th diagonal element of the matrix of (16) is the reciprocal value 
of the n-th diagonal element of the matrix of (15). 
Thus Bn by (18). Hence 


(17) Bam | = | Bana | =n, 


m=1 


which is not O(1) as n—> o. Consequently, if the norm-principle of Lebesgue- 
Toeplitz is applied to the linear transformation (16), it follows that the 
existence of lim #,,(s) does not imply the existence of lim M,(s). 

In order to complete the proof of (iv), it is sufficient to ascertain that 
the existence of lim Z,(s) is equivalent to the existence of lim D,(s). It 
follows therefore from (14) that it is sufficient to verify the limit relation 


= 
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%ni1—>0. But the latter is obvious from the definition (12), which indeed 
shows that lim —0—1+ 1. 


5. This concludes the proof of (iv). It will now be shown that the 
assertions of (iii) and (iv) can be completed as follows: 


(v) The existence of limMy(s) does not imply the existence of 
lim Dn(s). 


Clearly, (v) is equivalent to the statement that the norm-condition is 
violated by the matrix of the linear transformation (12), i.e., that 
n-1 
> 
(18) | ~O(1) 
m=1 
as 27> 0. But (18) can be proved by an adaptation of a procedure recently 
applied (Wintner [6], §10), as follows: 


Let n be fixed for the present. If & is a positive integer less than n, then 


a positive integer m satisfies both conditions 

[n/m] = k, [n/(m+1)] =k 
if and only if it fulfills both inequalities 
(19) n/(k+1) 


Hence, if m satisfies (19) for some /, then the second term on the right of 
(12) cancels the third. In other words, (12) becomes ¢pm == 1/(m + 1) 
for every m for which there exists some / satisfying (19). Since the second 
of the inequalities (19) implies that 1/(m+1)=k/n, it follows that 
nm = k/n holds for every m satisfying (19). But & in (19) was any positive 
integer less than m. Since it is clear that one and the same m cannot satisfy 
(19) for two distinct values of & (in fact, n is fixed), it follows that 


(20) | = /n, 


if Nn, denotes the number of those positive integers m which satisfy (19). 

This definition of Nyy implies that Nn is not less than the difference 
between (n/k) —1 and n/(k+ 1). Since this difference can be written in 
the form n/(k? + k&) —1, it follows that 


(21) Nnak/n = +1) —h/n. 


lll 
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| 7 On the other hand, if n is large enough, then » —1 exceeds n?, and so it is 
7 clear from the inequality (20), in which every term is non-negative, that 


nd 
| (22) x Snm | > Nuxk/n 
m=1 m=1 
; | (the upper summation limit n4 refers, of course, to the integer [n#]). 
Now let n—> co. Then, since (21) and (22) entail the inequality 
nd nb 
| | 1/(k 1) —s k/n, 
m=1 k=1 k=1 
and since 
k=1 
it is clear that 
(23) | = B1/(k +1) — O(n*)?/n = log + O(1). 
m=1 k=1 


Since (23) implies (18), the proof of (v) is complete. 


6. It is easily realized that the positive integers m for which there does 
not exist a positive integer k& satisfying (19) for a fixed n become very scarce 
asn— > oo. This suggests that the order of the lower estimate (23), an estimate 
in which the m-values violating (19) for every & (and for a fixed n) were not 
utilized, is substantially sharp. Actually, it is easy to prove directly that the 
logarithmic lower estimate (23) can be completed by the upper estimate 


n-1 
(24) = | Anm | O(log n). 
m=1 
In fact, since both 
n-1 n-1 
S1/(m+1) and &[n/(m+1)]/n 
m=) m=1 


are O(log n), it is seen from (12) that (24) is certainly true if 


n 
(25) = | dam | = O(log n) 


m=1 


is true, where (@,.»,) denotes the matrix defined by 


(26) = [n/m]m/n — [n/(m +1)](m+1)/n. 
The definition (26) clearly implies that 
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n 

(27) = 1 
m=1 


for every n. Hence, in order to prove (25), it is sufficient to ascertain that 
there exists a matrix (Cnm) satisfying the following three conditions: 


(28) = Cnm = O(log n), 


m=1 
nm + Cum = 0 and Cym= 0. In fact, it is clear from the latter two conditions 
that (28) and (27) imply (25). But the existence of a matrix (Cnm) 
satisfying all three conditions is assured by the choice 


(29) Cnm = [n/(m-+1)]/n. 
In fact, both (28) and Cum = 0 are clear from (29) and, since 
[n/m] = [n/(m + 1)], 


it is seen from (26) and (29) that dnm + Cam = 0. 
This completes the proof of (24). 


7. In view of (v), there arises the need for Tauberian restrictions which, 
when imposed on the sequence s;, s2,*** , necessitate the existence of lim Dn(s) 
whenever lim M,,(s) exists. Such a sufficient Tauberian restriction is contained 
in the assumption that the least upper bound of 


| Sm |/n 


for n=1,2,: --, a least upper bound (= 0) representing a function of 
« > 0, should tend to 0 as «0 (cf. Wintner [6], § 2, where the sufficiency 
of this assumption is proved, though not explicitly stated, as seen from the 
first inequality in the formula line following formula (8) on p. 4). In other 
words, the existence of lim M,(s) implies the existence of lim Dn(s) whenever 


en 


(30) lu.b. as e>0 


isn<0O 


(the summation limit en in (30) refers, of course, to the integer [en]). This 
leads to the following criteria, which are Tauberian with reference to (v): 


(vbis) The existence of lim Dn(s) follows from the existence of 
lim M,(s) whenever the sequence 81, satisfies any of the following 


restrictions : 


| = O(n) ; 


(I) 


n 
|<. 


hat 


ons 


vm) 


ich, 


(s) 


ned 
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(II) 
(LIT) Sn = 0 unless n= k,, - where >A > 1. 


The sufficiency of (1), to which and (II) and (III) prove to be reduci- 
ble, is due to Axer ([1]; for further references cf. [2]). Needless to say, 
any Tauberian theorem of type (v bis) is quite unsatisfactory without the 
fact (v), which does not seem to have been proved before. 

It is clear that (1) is sufficient for (30). 

As to (II), suppose first that s, = 0. Then, since lim M,(s) is supposed 
to exist, it is clear from (2) that (I), hence (30), is satisfied. But the 
assumption (II) can be reduced to the assumption s, = 0, if s, is replaced by 
sn + const. It follows therefore from the distributive nature of both processes 
(1), (2), that, in order to complete the proof of the sufficiency of (II), it is 
sufficient to observe that, according to (4) and (2), both lim D,(1) =1—C 
and lim M,(1) =1 exist. 

Finally, if h,,k2,- +--+ is any sequence satisfying the gap condition 
Kmsi/km > A for some fixed A > 1, then obviously 

km = O(n). 

On the other hand, it is clear from (2) that the existence of lim M,(s) 
entails the estimate sp = o0(n), hence = O(n), as n—> In particular, 
Sktm = O(km) holds as m—> oo. Consequently, the preceding formula line 
implies that 

X | Sim | = O(n). 

But this estimate becomes identical with (1) if (111) is assumed. 

This completes the proof of (v bis). 

If the lower estimate (17), which belongs to (iv), is contrasted with the 
upper estimate (25), which belongs to (v), it is seen that Tauberian theorems 
which correspond to (iv) in the same way as (v bis) corresponds to (v) are 
likely to require an approach more elaborate than the proof of (v bis). 


8. For the sake of shortness, let the linear transformation (1) of a 
sequence s;,%,°°° into D,(s),D2(s),:-- be called the D-process. Thus, if 
(Anm) denotes the infinite square-matrix defining the D-process, then 


(31) = 0 for m=n+1,n+2,--: 
and 
(32) Anm = (n/m — [n/m])/n for m—1,: -,n; 
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in particular, since ¢ -— [t] is non-negative (and less than 1) for every ¢, 
(33) Anm = 0, (Re < 2). 


It will be shown that certain elementary limit relations in the analytic 
theory of numbers, which go back to Dirichlet, can in the main be thought of 
as expressions of the fact that the D-process is “ray-like” (gestrahit) in the 
sense of the moment theory of summation processes, as developed by Toeplitz 
(in an address delivered at Leipzig in 1922; ef. R. Schmidt [4], p. 94) and. 
at his suggestion, further analyzed by R. Schmidt [4]. 


(vi) The matrix of the D-process is a “ray-like” (gestrahlt) matric. 
Furthermore, it is a moment matrix and has the unique weight function 


(34) = | fu if 1. 
In particular, 
(35) $(0) = (+ 0). 
Finally, the moment function, p(o), of the D-process is expressible in terms 
of Riemann’s zeta-function, as follows: 


(36) | 1 —C 


According to the general theory (cf. R. Schmidt [4], Theorem IT), the 
assertions of (vi) imply the following corollary: 


1. If a sequence 81, is “ray-like” (gestrahlt), then 
the same is true of the sequence D,(s),D.(s),--+- of tts-transforms (1) and 
the latter satisfy the relation Dn(s)/sn—->p(o) as n—> «©, where o denotes 
the convergence exponent of 8,,82,°°- and p(o) ts the corresponding positive 
constant (36). 


(It is due to (35) that Corollary 1 need not exclude the case o = 0). 


2. If a sequence is “very slowly oscillating,” then 
the same is true of the sequence D,(s), D2(s),--+ of its transforms (1). 


This follows from (vi) and (31), if use is made of one of R. Schmidt’s 
principal results, namely of his Theorem V. If the latter is replaced by his 
Theorem VI, then (vi) supplies the following fact: 


ns 


he 
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Corotuary 3. If a sequence s,,s2,--~ is “slowly oscillating,” then the 
same is true of the sequence D,(s), D.(s),--- of its transforms (1). 


In order to verify (vi), let f2(t), where x = 0 is fixed and 0X1 < »%, 


denote the function defined by 


[¢"] if 0< ¢S Min (1,72); 


an) 
0 if Min(1,z) << t< o. f,(0) =0; 


Then it is clear from (31) and (32) that 


(38) S Anm = & fy(m/n) /n, 
m=1 

where 

(39) y = Min (1,7). 


Since (37) and (39) imply that f,(t) is an R-integrable function on the 
interval 0 = ¢=1, it is seen from (38) that 


(40) Anm > dt 
0 

But it is clear from (39) and (37) that the integral on the right of (40) 

is identical with the integral on the right of (34) or with the constant 1— C 

on the right of (34) according as or 1. 

In view of the definition of the notions occurring in (vi), this proves all 
ihe assertions of (vi), except the evaluation (36). The latter can be verified 
in various ways, for instance as follows: A partial Stieltjes integration 
shows that 


Xx x 
Ann f ( dar 
1 


n=1 


holds for « > 1, if the Dirichlet series on the left converges for o > 1. 
If this is applied to the case a, 1 of Riemann’s zeta-function, it is seen 


from the identity 
(o—1)*= (o> i}, 


that, since X 1 = [2], 


n= 


f (2 — [2])a- de 


holds for « > 1 and so, for reasons of analyticity, for o > 0 (de la Vallée- 
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Poussin). Hence, if the integration variable a is replaced by x-', it follows for 
o > 0 that 


by (34). This proves the first line of (36). The second line of (36) follows 
either from (4) or, for reasons of continuity, from the fact that the constant 
term of the power series of the entire function £(s) — (s—1)-1 at the point 
= 1 is the Euler-Mascheroni constant. 
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HOW FAR CAN ONE GET WITH A LINEAR FIELD THEORY OF 
GRAVITATION IN FLAT SPACE-TIME? * 


By HERMANN WEYL. 


Introduction and Summary. G. D. Birkhoff’s attempt to establish a 
linear field theory of gravitation within the frame of special relativity + makes 
it desirable to probe the potentialities and limitations of such a theory in more 
general terms. In thus continuing a discussion begun at another place? I find 
that the differential operators at one’s disposal form a 5 dimensional linear 
manifold. But the requirement that the field equations imply the law of 
conservation of energy and momentum in the simple form 07;*/da, = 0 limit 
these «0° possibilities to »*, which, however, reduce easily to two cases, a 
regular one (Z) and a singular one (L’). The regular case (Z) is nothing 
but Einstein’s theory of weak fields. Resembling very closely Maxwell’s theory 
of the electromagnetic field, it satisfies a principle of gauge invariance in- 
volving 4 arbitrary functions, and although its gravitational field exerts no 
force on matter, it is well suited to illustrate the role of energy and momentum, 
charge and mass in the interplay between matter and field. It might also 
help, though this is much more problematic, in pointing the way to a more 
satisfactory unification of gravitation and electricity than we at present possess. 
Birkhoff follows the opposite way: by avoiding rather than adopting the o° 
special operators mentioned above, his “ dualistic” theory (B) destroys the 
bond between mechanical and field equations, which is such a decisive feature 
in Einstein’s theory. 


1. Maxwell’s theory of the electromagnetic field and the monistic 
linear theory of gravitation (L). Gauge invariance. Within the frame of 
special relativity and its metric ground form 


ds* == == dro? — (dz,* + dx" + dz,*) 
an electromagnetic field is described by a skew tensor 
fix = Ox. 0; / 02%, 


derived from a vector potential ¢; and satisfies Maxwell’s equations 


* Received August 9, 1944, 
1 Proceedings of the National Academy of Sciences, vol. 29 (1943), p. 23i. 
* Proceedings of the National Academy of Sciences, vol. 30 (1944), p. 205. 
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(1) = s' or Did = Odi —- 06/02; = 8; 
where s‘ is the density-flow of electric charge and 

= = 84 ). 
The equations (lo not change if one substitutes 
(2) = — for i, 


A being an arbitrary function of the codrdinates (“ gauge invariance”), and 
they imply the differential conservation law of electric charge: 
(3) As‘ = 0. 

As is easily verified, there are only two ways in which one may form a 
vector field by linear combination of the second derivatives of a given vector 
field i, namely, 

Od; and d¢'/d2; (¢’ = 06?/02,). 
The only linear combination D;¢ of these two vector fields which satisfies the 
identity (0/dx;) (Di¢) = 0 is the one occurring in (1), 
Dib -= 1d; — 
Herein lies a sort of mathematical justification for Maxwell’s equations. 

Taking from Einstein’s theory of gravitation the hint that gravitation is 
represented by a symmetric tensor potential hi, but trying to emulate the 
linear character of Maxwell’s theory of the electromagnetic field, one could ask 
oneself what symmetric tensors Djh can be constructed by linear combination 
from the second derivatives of h;;. The answer is that there are 5 such ex- 


pressions, namely 
( 4) h iky Oh’ /O2X%, 0h’ h "Six. /02 h- 


where 


h =h,?, = h” == 


With any linear combination Dj,h of these 5 expressions one could set ap the 


field equations of gravitation 


(5) =T 


the right member of which is the energy-momentum tensor 7j,.. In analogy 


1d 


or 
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to. the situa‘ ion encountered in Maxwell’s theory one may ask further for which 
linear combinations Dj, the identity 


(D#h) =0 
will hold, and one finds that this is the case if, and only if, Dixh is of the form 
(6) -- + Oh’,,/0x;) + Six} +- — Dh: dix}, 


x and B being arbitrary constants. In this case the field equations (5) entail 


the differential conservation law of energy and momentum 

(7) OT ;*/da, = 0. 

With two constants a, b (a £0, a 4b) we can make the substitution 
hiro h ix hb 


and thereby reduce a, 8 to the values 1, 1, provided «+40, «5428. Hence, 
disregarding these singular values. we may assume as our field equations 


(5) Dixh = — + + h8ix} 
{0*h — Dh Six} = T ix. 


Dixh remains unchanged if hi, is replaced by 
(8) h* jy. == ik 4. (0&; /02%, 0&,./02x;) 


where & is an arbitrary vector field. Hence we have the same type of corre- 
lation between gauge invariance and conservation law for the gravitational 
field as for the electromagnetic field, and it is reasonable to consider as 
physically equivalent any two tensor fields h, h* which are related by (8). 
The linear theory of gravitation (Z) in a flat world at which one thus 
arrives with a certain mathematical necessity is nothing else but Einstein’s 
theory for weak fields. Indeed, on replacing Einstein’s gix by 
and then neglecting higher powers of the gravitational constant x, one obtains 
(5), and the property of gauge invariance (8) reflects the invariance of 
Kinstein’s equations with respect to arbitrary codrdinate transformations.* 


By proper normalization of the arbitrary function A in (2) one may 
impose the condition ¢’ —0 upon the gj, thus giving Maxwell’s equations a 
form often used by H. A. Lorentz: 


(9) Cd: = Sj, /Ox; = (), 


* Cf. A. Einstein, Siteungsber. Preuss, Ak, Wiss, (1916), p. 688 (and 1918, p. 154). 
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In the same manner one can choose the & in (8) so that yi = hix — gh: dix 
satisfies the equations 


(10) dy */0x, and 
(11) Oya = Tx. 


In one important respect gauge invariance works differently for electro- 
magnetic and gravitational fields: If one splits the tensor of derivatives 
= into a skew and a symmetric part, 


= 3 — din) + dus + dia), 


the first part is not affected by a gauge transformation whereas the second can 
locally be transformed into zero. In the gravitational case all derivatives 
Ohix/0X, can locally be transformed into zero. Hence we may construct, 
according to Faraday and Maxwell, an energy-momentum tensor Li; of the 
electromagnetic field, 


(12) LE = fipf?* 48" (ff), Off) = 
depending quadratically on the gauge invariant field components 
fix == — din, 


but no tensor Gix depending quadratically on the derivatives 0hj./0., exists, if 


gauge invariance is required, other than the trivial Gj,=0. 


2. Particles as centers of force, and the charge vector and energy- 
momentum tensor of a continuous cloud of substance. Conceiving a resting 
particle as a center of force, let us determine the static centrally symmetric 
solutions of our homogeneous field equations (1) and (5) (s'=0, Ti, = 0). 
One easily verifies that in the sense of equivalence the most general such 


solution is given by the equations 
(13) bo = for 
(14) m/Anr, Vu = 0 for (4, k) (0, 0), 


r being the distance from the center. As was to be hoped, it involves but two 
constants, charge e and mass m. ‘The center itself appears as a singularity 
in the field. Indeed ¢ and the factor in ¢g = [% 1, 2,3] must be 
functions of r alone, and the relations 
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Ady = 0, = 0 —1, 2,3] 
implied in (9) then yield 


Substitution of — 0A/0xq for with A = — b/r changes ¢, into zero. In 
the same manner (14) is obtained from the equations (10 & 11). 


A continuous cloud of “charged dust ” can be characterized by its ve- 
locity field ué (u;w*==1) and the rest densities », p of mass and charge. It 
is well known that its equations of motion and the differential conservation 
laws of mass and charge result if one sets st = pu‘ in Maxwell’s equations and 
lets 7;* in (7) consist of the Faraday-Maxwell field part (12) and the kinetic 
part pu,u*: 

0(pu‘) /dx, = 0, 0(put) /dx, = 0; 
pdu;i/ds = fipt. 


Since the motion of the individual dust particle is determined by da;/ds = u' 
we have written d/ds for u*0/dz,;. In this manner Faraday explained by his 
electromagnetic tensions (flow of momentum) the fact that the active charge 
which generates an electric field is at the same time the passive charge on which 
a given field acts. At its present stage our theory (Z) accounts for the force 
which an electromagnetic field exerts upon matter, but the gravitational field 
remains a powerless shadow. From the standpoint of Einstein’s theory this 
is as it should be, because the gravitational force arises only when one con- 
tinues the approximation beyond the linear stage. We pointed out above that 
no remedy for this defect may be found in a gauge invariant gravitational 
energy-momentum tensor. However, the theory (J) explains why active 
gravity, represented by the scalar factor w in the kinetic term puju;, as it 
appears in the right member 7';, of the gravitational equations (5), is at the 
same time inertial mass: this is simply another expression of the fact that 
the mechanical equations (7) are a consequence of those field equations. 

We have seen that even in empty space the field part of energy and 
momentum must not he ignored, and thus a particle should be described by the 
static centrally symmetric solution of the equations 


(15) Did =, Dyh — Lix = 0 


(of which the second set is no longer strictly linear!). Again we find, after 


proper gauge normalization, 
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(13) do =: €/4rr, = = = 0, 
and then 


\ Yoo = m/4ar— = 9. 


4 
(14e) + = 1, 2,3]. 


yap = — (e/4trr 
As before, two characteristic constants e and m appear. At distances much 
larger than the “ radius” e*?/4am bf the particle the gravitational influence of 


charge becomes neghgible compared with that of mass. 


3. The singular case. In normalizing the operator (6) by B=—1 
we had to exclude the cases ga =0, B= 1 and a=1, B=1/2. The first is 
clearly without interest because it deals with a field described by a scalar h 
rather than a tensor };;. But the differential operator (6), D’i:., corresponding 
to the values x = 1, 8 = 1/2 and the attendant field equations 


(5’) == T ix 
deserve a moment’s attention. )’j,4 remains unchanged if Aj; is replaced by 


where the 5 functions y, & are subject to the one restriction 0¢*/dz; = 0. By 
proper gauge normalization one may reduce the field equations (5’) to the form 


(107) 0h = 0, 
(11’) 4. 4 (07h /0x402;. Dh Six) = T ix. 


The static centrally symmetric solution of the homogeneous equations (7, = 0) 


is the following counterpart to (14): 
hoo = 0, hoa hag = (m’/4ar) (8ag [a, B = 1, 2, 3 | 


The same electric part as in (14,-) may be superimposed. It seems remarkable 
that besides (/,) this possibility (L’) exists. 


4. Derivation of the mechanical laws wihtout hypotheses about the 
inner structure of particles. In principle the idea of substance had already 
been overcome by Newton’s dynamical interpretation of Nature. His particles 
are centers of force, the inertial mass is a dynamic coefficient and not, as the 
scholastic definition pretends, quantity of substance. Boscovich, Ampére and 
others took the extreme view that the centers of force are points without ex- 
tension. Modern atomistic physics has raised the discrete structure of matter 


“Ss 


n 
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above all doubt. Although it does not forbid us to picture the elementary 
particles as something of continuous extension, one must admit that, so far, 
speculations about their “interior ” have never borne fruit. Indeed we can 
explain the laws of reaction of particles with the continuous field without 
committing ourselves to any hypotheses concerning their inner structure. 
simply by describing particle through the surrounding “ local” field. I pro- 
ceed to illustrate this fundamental point first by Maxwell’s equations and then 
by our linear theory (/). 

A particle describes a narrow channel in the 4 dimensional world. The 
only assumption concerning the electromagnetic potential ¢; we make is that 
outside this channel Maxwell’s homogeneous equations 


(16) Of** = 0 


are satisfied. By arbitrary continuous extension we fill the channel with a 
fictitious field }; and then define s‘ by (1). The relation (3) is a consequence 
of this definition, and (16) asserts that s‘ vanishes outside the channel. Let 
S; denote the plane 2) = const. = ¢, S*; the portion of S; inside the channel, 
Q the surface of the channel and Q; the intersection of © with S; (or the 
boundary of S*,). The surface Q; surrounds the particle in the 3-space S;. 
Integrating (3) over S; we find 


de/dt=0O for e= f f ( ; 


hence e does not vary in time. More generally, it can be stated that the vector 
field s‘ sends the same flow e through any 3 dimensional surface crossing the 
channel. Application of this fact to two different cross sections S; confirms 
the above result ; application to two cross sections % = const. and 2*) = const. 
corresponding to two different admissible codrdinate systems x and x* (which 
are linked by a Lorentz transformation) proves e to be an invariant. Finally 


> But according 


we must show that it is independent of the fictitious “ filling.’ 


to the definition of s°, 
¢= f (0f°!/dx, + /dx, + /dxr3) dr, 


is the flow of the electric field (f%, f°*, f°*) through Q; and hence is completely 
determined by the real field on Q. For this introduction of the charge e it does 
not matter whether the particle is an actual singularity of the field or covers 
a (small) region where the known laws in empty space are suspended (and 
unknown laws take their place). If the field surrounding the particle is 
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described by (13) then the flow e of the electric field through ; is the constant 
designated by the same letter in (13). Approximately one can ascribe a world 
(direction ut to the channel, and it is clear that, if numerous particles of nearly 
the same velocity uw‘, each with its charge e, are encountered in a macroscopic 
“volume element ” of space, their effect can macroscopically be accounted for 
by a convective current pu‘. 

Faute de mieux, H. A. Lorentz and H. Poincaré used this expression also 
for the infinitesimal volume elements of an electron, and the question arose by 
what cohesive forces the charges of the several parts of an electron are held 
together against their electrostatic repulsion. Compared with this primitive 
viewpoint (which was elaborated in considerable detail by M. Abraham) 
G. Mie’s field theory of paricles,* which expressed the current s‘ in terms of 
the same fundamental quantities, namely ¢;, as the field itself, signified an 
enormous progress. But also this theory, in spite of some highly attractive 
features, the great hopes it once raised and its development by men like D. 
Hilbert, M. Born and others, has remained in the limbo of speculative physics. 
The sober non-committal attitude here described was the third stage in the 
history of our problem. [A fourth has been opened by quantum physics: 
Following in Schrédinger’s footsteps, Dirac expressed s‘ in terms of the 4 
spinor components of the electronic field y. This is a simple extension of the 
scheme of field physics, which in itself is as natural as the appearance of the 
Maxwellian Lj in the gravitational field equations (15). However an entirely 
new feature, statistical interpretation based on quantization of the field laws, 
“creates” in quantum physics the discrete particles. The singularities to 
which this process of quantization gives rise constitute a difficulty at least as 
serious in quantum as in classical physics. | 

Let us return to the classical standpoint and proceed from electricity to 
gravitation. After bridging the channel by a fictitious field hi, we integrate 
the identities 

(0/92) (Di*h) =0 


over a cross section S*; of the channel, thus obtaining the mechanical equations 


(16) dJ;,/dt = P; 


dz,dz.dz, 
‘ 


and — P; is the flow of the vector field (D,*h, D;?h, on through 


in which 


* Ann. d. Phys., vols. 37, 39, 40 (1912/13). 
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By its definition P; does not depend on the fictitious filling, and from this 
fact and (16) it follows that the same is true for J;. Indeed define J; by 
a filling 1, J;"° by a filling 2, consider two distinct cross sections S,, S2., t = t, 
and ¢=¢,, and construct a filling 3 that coincides with 1 in the neighbor- 
hood of S;, with 2 in the neighborhood of S,. Applying (16) to these three 
fillings and recalling that P; remains unaffected one finds 


to *t 
(t2) = P Ji (41) = ‘Pidt, 
ty th 
te 
e ty 
hence 


J, (t) =J,2)(t) for and te. 


When dealing with an isolated system we can assume that Dik vanishes 
outside the channel; then P; == 0. Let us choose an arbitrary constant contra- 
variant vector /‘ and form the vector field g* = 1‘- Dj#*h, which satisfies the 
equation 0g*/dx, = 0 and under our assumption vanishes outside the channel. 
The argument previously applied to s* proves that 


= li; 


is constant in time and an invariant. Hence J; are the components of a 
covariant vector. In this way we introduce the energy-momentum vector J 
of an isolated particle and obtain the conservation law 


(17) J; = const. 


For the static field (14) one may compute J; by means of a static filling. 
Then J, = J. = J; =0 and J, is the integral of 


Deh Ayoo + [a, B => 2, 3] 
over a sphere S*, around the center, hence the flow through its surface Q) 


ot the spatial vector 


— {0y00/0%q + /0xp}. 


But this flow may be computed from the real field and thus turns out to be 
radial and of strength m/4mr-1/r?; consequently Jo = m. 

Since J; is a covariant vector, our result Jo = m, J; =J2=J; =0 carries 
over from a resting isolated particle to one moving in the direction ut: 
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(18) Ji = MU. 


For a particle interacting with other particles we can not assume that 
Dixh vanishes outside the channel, and the conservation law (17) must be 
replaced by the mechanical equations (16). We might call P external force 
and J energy-momentum ; both, as we have seen, are independent of the filling. 
but there is no reason why J should be a vector. We get beyond this general 
scheme by an approximate evaluation of P and J, based on the field equations 
(15) which hold outside 2 and the character of the local field surrounding the 
particle. Computation of J, for the static centrally symmetric field (14,) by 
the same method as for the special case e = 0 yields - 


Jo = m — (e*/4na), 


provided Q, is the sphere of radius a. Notice that Jo(a) tends to — and 
not to zero with a—>0. The energy between two spheres of different radii a 
has the correct value of the electric field energy (e?/8r)[1/a]; nevertheless 
the total energy (a—> «) is not infinite but m. 

The electric field will be a superposition of the local fields generated by 
the several particles. In terms of a suitable system of codrdinates in which 
the particle under consideration momentarily (for t= 0) rests we shall, there- 
fore, have a field Fix, + fix on Q — Qi-g where 


(for foes fos) (e/4nr*) (2, v3 ) fie fes fas 0, 


while Fix is practically constant, i.e. varies on Qo essentially less than fi 
(though it may well be stronger than fi,). A familiar calculation then gives 
for the flow of 

— (D*h, Deh) = — (L,}, 


the value Pj = eF in. 

Were fi the total electric field we could assume that the (local) gravita- 
tional field surrounding the particle, for ¢—0 and outside Qo, is given by 
(14,), and we should obtain 


(19) Jo J, =J.=d;=—0, 


provided the radius a of the sphere Q) is large in comparison with the radius 
e?/4axm of the particle. We fix Q) in this manner: it is at this point that the 
necessity for keeping away from the particle arises. The equations (14) wil! 
still hold with sufficient accuracy on and outside Q) if not only e?/a* but also 
the energy of the “ outer” field 3Fix? on Q, 1s small compared to m/a’. 
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Cut the channel by two cross sections %) = const., z*) = const., belonging 
to two different codrdinate systems x, x* and going through a commen point 
inside the channel. Let / again be an arbitrary constant contravariant vector 
with the components /‘ in the one, /** in the other coédrdinate system. The 


difference of the respective integrals liJ;, 1*‘J*; is the flow of 


through the part of the channel surface 2 between these two cross cuts, an 
hence, under the above assumptions, of a lower order of magnitude than m. 
With this approximation J; ts a covariant vector, and thus the formula (18) 
becomes applicable not only for the cross section t = 0 where the particle rests 
momentarily, but for any cross section 2) = ¢ = const. 

Of course, (16) has to be interpreted in integral fashion, 


ty 
Pidt, 


and here we may set, with sufficient approximation, J;(¢) = m(t)ui(t). The 
equation itself shows that an appreciable change of Ji, one that is comparable 
with m, can be expected only after a lapse of time ¢, of order m/e | F' |, which 
is large in comparison with the radius a of Q,: Our assumptions imply that 
J, or m and u‘ change but slowly (quasi-stationary motion). 

But with these precautions in mind, the differential equation 


(20) (d/dt) (mu;) = eF jo 


may now be claimed as holding for 0. The component i=0 gives 
dm/dt = 0; hence the mass m stays constant. By a known simple technique 


(20) is changed into its invariant form 
mdu;/ds = 


which will hold along the entire channel. The deduction indicates clearly the 
hypotheses to which the approximate validity of this Lorentz equation of 
motion of a particle is bound.’ We now understand why quantities of the type 
st == pu!, = wu;u* can account in a rough manner for the interaction 
between field and a cloud of charged dust in which near particles have nearly 


the same velocity. 

5I have repeated here for the linear theory an argument which I first developed 
within the frame of general relativity in the 4th and in more detail in the 5th edition 
of my book “Raum Zeit Materie”; see the latter edition, Berlin 1923, pp. 277-286. 
The purely gravitational case was treated with the greatest care in a more recent paper 
by A. Einstein, L. Infeld and B. Hoffmann, Annals of Mathematics, vol. 39 (1938), 
pp. 65-100. 
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5. Vague suggestions about a future unification of gravitation and 
electromagnetism. In spite of such achievements nobody will believe in the 
sufficiency of the linear theory (Z). For, as we said above, its gravitational 
field is a shadow without power. The fundamental fact that passive gravity 
and inertial mass always coincide appears to me convincing proof that genera: 
relativily is the only remedy for this shortcoming. But thereby the gravita- 
tional constant « enters the picture, and one knows that the ratio of the electric 
and gravitational radii of an electron, (e?/m) : xm = e?/xm’*, is a pure 
number of the order of magnitude 10*°. This circumstance and Mach’s old 
idea that the plane of the Foucault pendulum is carried around by the stars 
in their daily revolution, point to a construction in which the gravitational 
force is hound to the totality of masses in the universe. Our present theory, 
Maxwell + Einstein. with its inorganic juxtaposition of electromagnetism and 
gravitation, cannot be the last word. Such juxtaposition may be tolerable for 
the linear approximation (1) but not in the final generally relativistic theory. 
Transition from (L) with its flat world to general relativity should raise both, 
not only the gravitational, but also the electromagnetic part, above the linear 
level and, as it changes the gauge transformations of the former into non- 
linear transformations of codrdinates, something similar ought to happen to 
the gauge transformations of the ¢j. 

After adding Dirac’s 4 spin components of the electronic field y to the 
fundamental field quantities ¢;, hi, the electric gauge invariance ® states that 
the field equations do not change under the substitution of 


@ 


(h = Planck’s quantum of action) : the process of “ covariant derivation ” of 
is defined by +- (ie/h) dx. Thus the electromagnetic field ¢; appears 
as a sort of appendage of the y-field. It is natural to expect the hix to be 
appended in a similar manner to quantities associated with other elementary 
particles. Thus incompleteness of our present theory on the linear level, 
a premature transition to general relativity, might have their share in blocking 
the view towards a satisfactory unification. For these reasons a linear theory 
of gravitation like (Z), though necessarily preliminary in character, may still 
deserve the physicist’s attention. 

* This principle of gauge invariance is analogous to one by which the author in 
1918 made the first attempt at a unification of electromagnetism and gravitation. He 
has long since realized that it does not connect electricity and gravitation (%; and g,,), 
as he then believed, but the electric with the electronic field (?,; with y). In this form, 
in which the exponent of the gauge factor ei\ is pure imaginary and not real, it 
expresses well established atomistic facts, and the connecting coefficient, h/e, is a known 


atomistic and not an unknown cosmologic constant. 
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6. A free paraphrase of Birkhoff’s recent linear theory of gravita- 
tion (B). The linear theory (B), however, is essentially different from (L). 
it seems to me characteristic for Birkhoff’s conception that he uses the kinetic 
quantities s!= pu‘, 7;* = puju* not only for a macroscopic description of 
matter, but a late follower of Lord Kelvin, even for the construction of fluid 
models of atoms, and that he preserves the duality of field and matter also in 
the form of mechanical equations which do not follow from the field equations, 
In contrast to this “ dualistic” scheme Einstein’s theory and its linear ap- 
proximation are “ monistic.” 

Since Birkhoff wishes to avoid the fact that mechanical eyuations such as 
(7) follow from the field equations, he must choose for the left side Dixh of 
his linear field equations (5) any combination of the 5 tensors (4) which is 
not of the special form (6). He picks, somewhat arbitrarily, Ohi or rather 
Ohi —4ODh- 8; but it seems wiser not to commit oneself too early. He is 
then at liberty to add to the left member of (7) a term representing the-action 
of the gravitational field on matter. Assuming that force to be quadratic in 


ut, as in Einstein’s theory, he writes 

(21) (0/02;,) + + Ti = 

and finds 

(22) Ving = (0/2) (Ohip/0Xq + — 2h 


as the mathematically simplest expression by which the differential law of 


conservation of mass 

(0/02;,) (uu*) = 0 
provided 
Ox; P 
w and L,* denote the scalar and tensorial densities, not scalar and tensor.) 
But since no theory in which inertia and gravitation are separate entities can 


is upheld. (In Einstein’s theory one has instead Tj 


explain the universal proportionality of passive gravity and inertial mass, 
there is no reason why the scalar field « should be the same as » (instead one 
might expect that for a substance of given chemical constitution » and o are 
connected by some equation of state = 0). However, just as Maxwell’s 
L,* accounts for the identity of active and passive charge, one can hope in this 
theory to establish the identity of active and passive gravity by a gravitational 
energy tensor. For that purpose it is necessary to assume ouju;, rather than 
puju, + Lj, as the right member 7’; of the field equations (5), 


Dixh = cujuy. 
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and one will try to construct a symmetric tensor Giz, which is quadratic in the 
derivatives dhpq/0x; such that the following identity holds: 


(23) = + — ONpq/Ox;) DPth. 


Then (21) would indeed assume the form of a differential law of conservation 


of energy and momentum: 
(24) (0/02) 4- + = 0. 


There are 16 linearly independent tensors Gj of this sort, and 1 have checked 
whether for any linear combination of them a relation like (23) can hold; the 
result was negative. This applies in particular to the field equations which 
Birkhoff adopts : 

= — Six = 


(and which he interprets in a slightly different manner in terms of a fluid of 
peculiar nature). It may, therefore, be said that Birkhoff sacrifices the con- 
servation law of energy and momentum to that of mass. 

That it is possible to develop a theory of dualistic type in which the con- 
servation law for energy-momentum holds is proved by a certain interpretation 
of the “ degenerate Einstein theory ” (D) which I had used to illustrate (B): 
One starts with the field equations of (1) in the normalized form (10 & 11), 
sets Tix = ouju,, throws away the supplementary conditions (10) in order to 
make room for an extra term in the mechanical equations (7) and finally 
replaces the latter not by (21), but by 


ao Oh 
- ypyt = 0). 


i 
Of course, mass is not conservative in this set-up; one finds instead 
O(pu™) = (6/6) + Ohrp/0Xq) 
But the conservation laws for energy and momentum (24) hold if one defines 
the gravitational energy tensor Giz, by 
— H;* -+ 48," -H (H = H,?) 


where 
Ong Ohh! Oh Oh 
Ox; * Ox; Ox, 


But it is not my intention to propagandize this or any other dualistic theory 


of gravitation ! 


INSTITUTE FOR ADVANCED STUDY, 
PRINCETON, N. J. 
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STURMIAN MINIMAL SETS.* 


By Gustav A. Hepiunp. 


1. Introduction. Minimal sets, as defined by G. D. Birkhoff, are of 
considerable importance in the study of topological dynamics. The simplest 
example of a minimal set is a periodic motion. Minimal sets which are not 
periodic motions have been constructed by various devices (cf. e. g., Morse [1]).’ 

If we consider a single transformation and its powers instead of a dynamical 
flow, a minimal set is defined, essentially as in the case of a flow, to be a closed 
invariant set which contains no proper subset with the same properties. A 
simple example of such a set which is not a periodic orbit is a circle with the 
transformation defined to be a rotation of the circle through an angle which 
is incommensurable with z. This is an example of a minimal set for which 
the transformation is regular in the sense of Kerékjarté or, equivalently, has 
equicontinuous powers. It can be proved that if X is a compact metric space 
and .V is minimal under the homeomorphism 7.1) =X, then T has equi- 
continuous powers if and only if 7 is almost periodic (cf. in this connection, 
ITartman and Wintner [1]). In this case the minimal set XY is necessarily a 
topological group and the analysis of the structure of XY is facilitated by the 
use of the known properties of topological groups. 

It is the purpose of the present paper to define and analyse a class of 
minimal sets for which the defining transformations do not have equicon- 
tinuous powers. The definition of such sets is essentially at hand, for in 
recent work on symbolic dynamics (cf. Morse and Hedlund [2]) a large class 
of non-periodic recurrent symbolic trajectories has been defined. By a suitable 
definition of space and transformation, a recurrent symbolic trajectory defines 
a recurrent orbit and the closure of a recurrent orbit is a minimal set. How- 
ever the analysis of the properties of these minimal sets is more involved. 

The minimal sets which we consider are totally disconnected compact 
sets. We show the existence of such sets which contain asymptotic orbits, 
which are locally almost periodic and which are not only minimal under the 
defining transformation 7 but are also minimal under every non-zero power 
or 


* Received January 5, 1944. 
1A list of references will be found at the end of the paper. 
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With the aid of the sets considered it is possible to throw some light on 
a conjecture of Birkhoff concerning the homogeneity of recurrent motions 


(cf. G. D. Birkhoff [2]). 


2. Minimal sets, recurrent orbits, almost periodic points. We state 
several definitions and theorems which are essentially due to G. D. Birkhoff 
(cf. Birkhoff [1], Chapter VIII). The fact that we are considering a single 
transformation and its powers rather than the one-parameter group considered 
by Birkhoff, necessitates a slight change in the definition of a minimal set. 
We do not impose the condition that a minimal set be connected. 


Let X be a compact metric space and let 7 (X) =X be a homeomorphism. 
DEFINITION 2.1. Jf x18 a point of X, the set S$ T"(x) will be termed 
the orbit of x and denoted by O(x). The set ST"(x) will be termed the 


positive semiorbit of x. The set S 7T"(x) will be termed the negative semi- 


n=0 
orbit of x. The term semiorbit of x will denote either the positive or the 


negative semiorbit of zx. 


DEFINITION 2.2. The point yeX is an a-limit point of the orbit 
O(x) if there exists a sequence of integers 0 >m, >n2>--- such that 
lim 7" (2) =y. The set of a-limit points of the orbit O(x) will be denoted 


i-+ 
by a(x). The point ye X is an o-limit point of the orbit O(x) if there exists 
a sequence of integers 0 such that lim T™ (xr) =y. The 


Oo 


set of w-limit points of the orbit O(x) will be denoted by w(z). 
DEFINITION 2.3. The set Y CX is invariant if T(V) =Y. 
The proof of the following theorem is elementary. 


THEOREM 2.1. The sets a(x) and w(x) are closed invariant svts. 


DEFINITION 2.4. The set Y CX is a minimal set if Y is non-vacuous, 


closed and invariant and contains no proper subset with the same properties. 


THEOREM 2.2. Lach of the sets a(x) and w(x) contains a minimal sel. 


A proof of this for flows is given by Birkhoff (cf. Birkhoff [1]. pp. 200- 
201). Simple proofs of this theorem and the following one are obtained by 
observing that the property of being a minimal set is inducible and then 


n—O 
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making use of the Brouwer Reduction Theorem (cf. in this connection, 
Kelley [1] and Hall and Kelley [1]). 


THEOREM 2.3. Any non-vacuous closed invariant subset of \ contains 


a minimal set. 
The following theorems are obvious but useful. 


THEOREM 2.4. A necessary condition that a closed invariant subset Y 
of X be minimal is that each semiorbit of every point of Y be everywhere 


dense in Y. 


THEOREM 2.5. A sufficient condition that a closed invariant subset Y 
of X be minimal is that the orbit of each point of Y be everywhere dense in Y. 
DEFINITION 2.5. An orbit is recurrent if it lies in a minimal set. 


The following theorem is due to Birkhoff (cf. [1], pp. 199-200). 


THEOREM 2.6. A necessary and sufficient condition that the orbit O(2z) 
be recurrent is that corresponding to «> 0 there exist an integer N>O 
such that O(x) is contained in the e-neighborhood of the set 


T*+?(z),- THN (2) } 


for each integral i. 
DEFINITION 2.6. The sequence of integers 


all i. The integer N is termed an inclusion integer of the set (2.1). 


is relatively dense if there exists an integer N such that ne—nj, SN for 


fo e > 0, there exists a relatively dense sequence of integers (2.1) such that 


DEFINITION 2.7. The point xe X is almost periodic tf, corresponding 


a(z,7T™(z)) < 
The following theorem has been proved by Hall and Kelley ({1], p. 628). 


THEOREM 2.7. A necessary and sufficient condition that the point 
reX be almost periodic is that the orbit O(x) be recurrent. 


The sufficiency of the condition is an obvious consequence of Theorem 2. 6. 
In view of Theorem 2.7, there is a superfluity of terms and it would 


appear desirable to drop one of the terms almost pertodic or recurrent, Since 
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the term recurrent appears frequently in the literature, there is reason to 
retain recurrent with its present significance. But the term almost periodic, 
as defined in Definition 2.7, is much more suggestive of the property defined 
and the author feels strongly that this definition should be retained. Then 
the term recurrent could be employed to replace the numerous confusing 
terms which have been used for the property defined by Definition 2.7 with- 
out the restriction that the sequence of integers (2.1) be relatively dense. 
This property has been associated with the expressions stable in the sense of 
Poisson (Poincaré), pseudo-recurrent (Birkhoff and Smith), pervasive 
(Cherry), and almost periodic (Ayres). The term recurrent seems more 


appropriate than any of these. 


3. The space of symbolic elements and the transformation S. Let 
C be a finite set of » distinct symbols termed the generating symbols and let 


A denote a sequence of the form 


where a, represents a generating symbol. The generating symbol represented 
by a is termed the value of a,. As in SDI, 2, we term A an J/-trajectory. 


The J-trajectory 
(B) + +b Dob de - 


is identical with A if and only if a, and b, have the same value for each 
integral value of n. In this case we write A = B. If there exists an integer 
r such that a, and b,,, have the same value for each integral value of n. 
A and B are said to be similar. The class of J-trajectories similar to any one 
I-trajectory is termed a symbolic trajectory. The symbolic trajectory «defined 
by such a class is said to be represented by any one of the /-trajectories in 
the class. 

The pair consisting of the /-trajectory A and its 7-th symbol a, is termed 
an J-element and is denoted by A). The J/-elements e(7, and e(s, B) 
are identical if and only if A=B and r=s. The /-elements e(7, 14) and 
e(s,B) are similar if and only if dj., and by., have the same value for all 
integral values of n. The class of all /-elements similar to a given J-element 


e(r, A) is termed a symbolic element e. Two symbolic elements are equal if 
and only if the classes of /-elements defining them are identical. If e(7, A) 
is a member of the class of symbolic J-elements defining e, e is said to be 
based on A and represented by e(7, A). It is evident that corresponding to 
any element e there exists an J-trajectory A such that ¢ is represented by 


e(0,A) and this representation is unique. 


STURMIAN MINIMAL SETS. 609 


Let e, and é2 be symbolic elements and let them be represented by e(0, A) 
and e(0,B) respectively. If e; = e., we define the distance between e, and e. 
to be zero. If this is not the case, let m be the greatest integer such that the 
values of a, and b, are the same for n=0,+1,+ 2,---,+m. The dis- 
tance between e, and é, is then defined to be 1/(m +1). It is easily proved 
(cf. SDI, p. 819) that this distance satisfies the usual metric axioms. It is 
also easy to prove that if H(C) denotes the space of symbolic elements based 
on the symbolic trajectories which can be constructed by use of the given 
class C of generating symbols, then V(C) is compact, perfect and totally 
disconnected. Thus #(C) is a homeomorph of the Cantor discontinuum 
(cf. SDI, p. 820). 

Let e be an arbitrary point (symbolic element) of the space E(C) and 


let e be represented by the symbolic J-element e(7, A) where A is given by 


Let S(e) be the symbolic element represented by e(77 + 1, A). or, equivalently, 


by e(r, B) where B is given by 


and the values of 6, and a@,,, are the same for all integral values of n. The 
element S(¢) is evidently independent of the choice of the J-element e(r, A) 


representing ¢. 


THEOREM 3.1. The transformation e—» S(e) is a one-to-one continu- 


OUus transfor mation of E(¢ ) onto (C 


If the distance between the elements e, and e, is 1/(m + 1). it follows 
that the distance between S(e,) and S(e.) is not greater than 1/m. We infer 
that the transformation S is continuous. 

If e is represented by e(7, A). let S*(e) denote the symbolic element 
represented by e(r—1,A). Again, S*(e) is independent of the choice of 
/-element representing e and is continuous. It follows from the definition of 
SN and S* that S*S(e) = SS*(e) =e. We infer that S is a one-to-one 
transformation of H(C) onto FE(C) and that S* is the inverse of S. 

If e is represented by e(7, A), then S"(e) is the element represented by 
e(r-+n,A). Thus the orbit of ¢ under S and its powers is simply the set 
of elements based on A. 

Let e be represented by e(1,.A) and let S"(e) be represented by e(s, B). 
Then, since S"(e) is also represented by e(r-—+n,A), we infer from the 
similarity of e(s,B) and e(r-+ n,A) that the J-trajectories A and B are 
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similar. Thus, if O(e) is an orbit in H(C), the class of J-trajectories on 
which the points of O(e) can be based is a class of similar J-trajectories. 
Conversely, if A and B are similar /-trajectories and e, and e, are points of 
E(C) based on e(r,A) and e(s, B), respectively, it follows from the simi- 
larity of A and B that an integer & exists such that e(r + k, A) and e(S, B) 
are similar, and consequently, e. is on the orbit of e,. Thus the points of 
E(C) based on similar J-trajectories lie on the same orbit. Since the class of 
[-trajectories similar to an J-trajectory defines a symbolic trajectory. it follows 
that the orbits in #(C) and the symbolic trajectories constructed from the 
class C of symbols are in one-to-one correspondence. 


4, Minimal sets in E(C). Let e be a point of F(C), let O(¢) be the 
orbit of e under the transformation S and let h denote the corresponding 
symbolic trajectory. The problem of constructing an orbit with given proper- 
ties is now equivalent to constructing a symbolic trajectory with specified 
properties. In particular, a necessary and sufficient condition that O(e) be 
periodic is that h be periodic (cf. SDI, p. 824). It is easily proved that the 
periodic orbits form a set which is everywhere dense in E(C). 

The symbolic trajectory h is said to be almost periodic if, corresponding 
to an arbitrary integer n, there exists an integer m such that all the n-blocks 
which appear in h appear in each m-block of 4. With the aid of Theorem 2. 7. 
it is not difficult to prove that the orbit O(e) is almost periodic if and only 
if h is almost periodic. To construct a minimal set which is not a periodic 
orbit, it is sufficient to construct a symbolic trajectory which is almost periodic 
but not periodic. The minimal set is the closure of the corresponding orbit 
O(e). 

Almost periodic symbolic trajectories which are not periodic, have been 
constructed by various devices. The first example of such a symbolic trae 
jectory was constructed by Morse (cf. Morse [1]). Methods for constructing 
examples of quite different type have been defined by Birkhoff (cf. Birkhoff 
(3], p. 22). The Sturmian symbolic trajectories, defined and analysed in 
some detail by Morse and Hedlund (cf. SDII), are non-periodic whenever 
the frequency is irrational and are of the same type as those considered by 
Birkhoff. 

All of these symbolic trajectories define almost periodic orbits in the 
space E(C), and the closures of these orbits define minimal sets. In par- 
ticular, the minimal sets obtained by this procedure from Sturmian symbolic 
trajectories will be termed Sturmian minimal sets. The object ‘of the present 
paper is to study the properties of Sturmian minimal sets and the properties 
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of the transformation S and its powers, considered as acting on one of these 
minimal sets. In order to do this, it appears to be desirable to give a new 
mechanical construction of these symbolic trajectories (cf. SDII, p. 13): 


5. Sturmian minimal sets. Let @ be a positive irrational number and 
let J; denote the interval 


(1+ 8) (i +1)(14+ 8), «+5, 


of the real z-axis. Let the interval J; be divided into the two intervals 


(148). 


We term the first of these a d-interval and the second an a-interval. Corre- 


sponding to an arbitrary real number c we introduce the set of points 


Let C. be the class of two symbols a and 6 and let A be the symbolic 
/-trajectory 


where the value of a; is a or 6 according as c + 78 is in an a-interval or in a 
b-interval. We denote by e(c,8) the symbolic element or point of # which 
is represented by the symbolic J-element e(0, A). It follows that S"(e(c, B)) 
=e(c+ 78,8). We denote the symbolic trajectory defined by A by t(c, 8). 

If we denote by /’;, B’; and A’; intervals with the same end points as 
I;, By and Aj, respectively, but which are open on the left and closed on the 
right, and otherwise use the same procedure, we obtain a symbolic element 
e’(c, 8) and a symbolic trajectory t’(c, B). 


TurEorREM 5.1. If c=d,mod (1+ £B), then e(c,B) = e(d, B), t(e, B) 
—t(d,B), e’(c,B) =e'(d,B), and U(c,B) =U (d, B). 


For if c=d,mod (1+ 8), there exists an integral value of k such 
that c—d-+-k(1+ 8). But the translation 2 = «-+ k(1+ 8) transforms 
a-intervals into a-intervals and b-intervals into b-intervals. It follows that 
c + nB is in an a-interval or in a b-interval according as d+ nf is in an 
a-interval or in a b-interval. This implies the statement of the theorem. 


THEOREM 5.2. e(c,B) =e(d,B) or e’(c. 8B) =e'(d, B), then c=d., 
mod (1+ 
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Since £ is irrational, 8 and 1+ 8 are incommensurable, and it is well 
known that in this case, the set of points (5.1), reduced mod (1-- 8) so that 
they lie in the interval J,, 0S + < 1+ £8, is everywhere dense in this 
interval. 

In virtue of Theorem 5.1 we can assume that both ¢ and d lie in J,. 
Assuming that the statement of the theorem is not true, we infer that ¢ and 
d are not identical points of /,. The point c’ in J, can be so chosen that it 
lies in the interior of a b-interval, while the point c’ + (d—c) =d? lies in 
the interior of an a-interval. Given « > 0, there exists an integer n such that 
when c+ (1+ 8) is reduced mod (1 + 8) it lies within distance e of ¢’. 
But then d+ n(1+) can be reduced mod (1+ 8) so that it lies within 
distance ¢« of d’. If € is chosen sufficiently small, it follows that ¢ + n lies 
in a b-interval, whereas d + » lies in an a-interval, contrary to the hypothesis 


of the theorem that either e(c,B) = e(d,B) or e’(c,B) = e'(d, B). 


THEOREM 5.3. e(c,8) =e'(d,B) if and only if c=d,mod (1+ £). 
and cs&m,mod B, where m is an integer. 


Let us assume that c= d, mod (1 + £), and that mod It fol- 
lows from Theorem 5.1 that e(c,8) e(d,B). Since cs4m, mod and 
c==d,mod (1+ £8). we infer that dsm, mod B, and hence no one of the 


points 


-,d— £, d, d+ B, d+ 


is an endpoint of an a-interval or of a b-interval. But since the intervals 
A; and A’; have the same interior points, and likewise for B; and B’;, it 
follows that e(d. 8B) = e’(d,B). Since e(c,B) =e(d.B), we obtain e(c, B) 
= e’(d, B). 


Now let us assume that e(c, 8)’ = e’(d, 8B). In view of Theorem 5. 1, there 
exist points é and d in J, such that c==¢, mod (1+ 8), d=d, mod (1+ £), 
and hence e(c,8) =e(é,B) and e’(d, B) = ¢e/(d,B). If and d are not 
identical it follows by the method used to prove Theorem 5.2 that e(é, B) 
and e(d,B) ave not identical. But since the identity of these is implied by 
the hypothesis that e(c,B) =e’(d,B), we infer that ¢= d, and hence, in 
particular, c= d, mod (1+ 8). Suppose that c= m, mod B, where m is an 
integer. Then there exists an integral k such that c—m-+ kB. Since 
‘==7,mod (1-+ there exists an integral 7 such that j(1+ 


3y substitution we obtain 


e—m+kB+ +B) = (mt +8) 
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or 


C+ (m—k)B= (m+ 7)14+ 8B). 


But this implies that the point ¢+- (m—)f lies in the interval Bn; and 
the corresponding symbol in e(@,B) is b. Since é == d, the point d+ (m—k)B 
coincides with ¢ +- (m—k)B, lies in A’m,j-1, and the corresponding symbol 
in e’(d, B) is a. This implies that e(é, 8) e’(d,B), and consequently 
e(c,B) ~e(d,B8), contrary to hypothesis. We infer that cm, mod 
and the proof of the theorem is complete. 


THEOREM 5.4. Jf cs4m,mod B, m an integer, then 


lim e(z, 8) = lim e’(2, B) = e(c, B) = e’(¢, B). 


If c=m,mod B, m an integer, then 


lim e(a,8) = lim e’(2,B) = e(e, B) 


r—>c-+ r>e+ 


and 


lim e(a7, 8) = lim e’(2, =e’(c, B). 


For if 54m, mod no one of the points 


is an endpoint of one of the intervals A;, B;, A’; or B’;. Given any positive 
integer k, there exists an e >0 such that if |r—e|]<e and |n|Sk. 
then c-+ 8 and w+ n@ lie in the same a-interval or b-interval. It follows 
that the distance between e(7,8) and e(c,B) or between e’(x. 8) and e’(2, 8) 
is less than 1/(/-+-1). This implies the first statement of the theorem. 
To prove the second statement of the theorem we consider first the case 


c= 0. Then no one of the points 
2B, c—B,c+ 8, c+ 


is an endpoint of one of the intervals Ai, Bi, A’; or B’; and, as before, if 
> 0 is chosen sufficiently small, nB and nB, 0< n Sh, lie in the 
same a-interval or b-interval provided O0<a<e. But ife <1, 7 and c=0 
lie in the same b-interval B,. Thus 


lim 8B) = lim e’(z, 8) = e(0, 8). 


20+ 


Similarly it can be proved that 
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lim e(2,8) = lim e’(x,B) = (0, B). 


r0— 
We infer the validity of the theorem in the case c= p(1+ 8), p integral, 
from the case c = 0 by use of Theorem 5. 1. 
If c= m, mod £, m an integer, there exists an integral value of g such 
that c= m-- qf, and hence c+ (m—q)B=m(1+ 8). From the cases 


previously considered, 


lim e(7,8)=— lim é(2,B) =e(m(1+ 8), 8) 


rom (1+B) + a—m(1+B)+ 
and 
lim  e(2,B) = lim e’(x, =e’(m(1+ B), 8). 
But 
Sem[e(z,8)] = + 
and 


Sole’ (a + [g—m]B, = + [¢—m] 8, B). 


Since S¢” is a continuous transformation, we infer the validity of the theorem 
in the general case. 

Let M(B) denote the set of points e(c,B) and e’(c,8) where c is an 
arbitrary real number. The set M(8) is then a subset of a metric space and 
hence is a metric space. 

Let e be any point of M(8). Then there exists a number ¢ such that 
either e(c,8) or e’(c,B) is equal to e. We term such a number c a real 
number corresponding to e. It follows from Theorem 5.2 that there are 
infinitely many real numbers corresponding to e, but any two of them are 


congruent mod (1+ 


THEOREM 5.5. Let ¢,,@2,: * - be a sequence of points of M(B) such 
that lim én =e. Let and c be real numbers corresponding to 
;,€2,° + + and e, respectively. Then there exists a sequence 
+, 0;=c;,mod (1+ £8), -), 


such that if e==e(c,B) =e (c,B), then lim ¢n=c; if e=e(c, 8B) ~e'(c, B), 


then lim =c +; and tf e=e'(c, B) ~e(c, B), then lim =c—. 


We consider first the case c 4 m, mod 8B, m an integer. This is the case 
when e(c, 8) = e’(c, 8). Let I denote the particular interval 7; in which c 
lies. Then ¢ is not an endpoint of 7. The sequence ¢’,,¢’s,° - ° can be so 
chosen that c’;==c;,mod (1+ 8), 1—1,2,-::, and is in J. If the 
sequence ¢’;,¢’.,--* does not converge to c, this sequence contains a con- 


~ 
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vergent subsequence ¢’n,, such that lim = and ¢ lies in the 

interval (1 + 8) [x (i+1)(1+ 8), which is the closure of I. It fol- 

lows from Theorem 5.4 that the sequence e;, @2,:*: must converge either to 


e(é,B) or to e’(@,8). But since ¢ is not an endpoint of J, it follows from 
Theorem 5.2 that e(é, 8B) ~e(c, 8) =e and e’(é, 8B) ~e’(c,B) =e. Thus 
the sequence ¢’;, ¢’s,° must converge to c. 

Now let us consider the case e = e(c, 8) ~e’(c, B) and thus c= m, mod B, 
m an integer. We choose the sequence c’,, c’.:--+ as in the first case considered. 
If lim ce’, =, then it follows from Theorem 5. 4 that lim c’, =c-+. If the 


sequence ¢’;. ¢’»,--- does not converge to c, we choose, as before, a subsequence 
converging to €s4c. Again the sequence ¢, é.,°** must converge either to 
e(é, 8) or to e’(é, 8), and the latter is impossible according to Theorem 5. 3. 
But then lim e, = e(é@, 8), we have e(c, B) = e(é, 8), and hence, according 


nx 
to Theorem 5.2, c==@,mod (1+ 8). This would imply that ¢ is the left 
end and @ is the right end point of 7. But then, according to Theorem 5. 4, 
lim e(c’n,. B) =e’ (é, B) *e(e, Thus we must have and the second 


assertion of the theorem is proved. 
The final case, when e = e’(c, 8) e(c, B), can be treated similarly. 


THEOREM 5.6. The set M(B) is minimal under the transformation 8S. 


To prove that the set (8) is minimal under S it is sufficient to prove 
that (8) is invariant under S, M(8) is a closed subset of H(C.) and the 
orbit of each point of M(B) is everywhere dense in M(B). 

Since S"[e(c, =e(c+nB,B) and S"[e’(c,B)] e’(c+ nB, B), 
the orbit of each point of M(B) lies in M(B) and the set. M(f) is invariant 
under 

To prove that (8) is a closed subset of H(C,) it is sufficient to prove 
that any infinite sequence of points of M(8) contains a subsequence which 
converges to a point of M(). Any infinite sequence of points of (8) must 
contain either an infinite subsequence of the form 


(5. 2) e(¢;,B), ¢@(¢s,8), €(¢s,8),° 
or an infinite subsequence of the form 
e’(c;, B), e’(C2, B), e’(¢3, B);° 


We can assume without loss of generality that a subsequence of the type 
(5.2) occurs. In view of Theorem 5.1, we can assume that the points 
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C1, all lie in the interval OS x=1+ 8. But then the sequence 


C1, C2, C3," * contains a subsequence which converges to a point ¢ such that 
We can assume that the sequence has this 
property. But then this sequence contains a subsequence which converges to ¢ 


from the left or else a subsequence which converges to c from the right. 


Assuming that the first property holds for the sequence ¢,¢:,°--, that is. 

lim c; = c—, we infer from Theorem 5.4 that lim e(c;,B) = e’(c, B). In 

i-o 

the alternative case, lim e(¢;, 8B) = e(c, 8), and the desired result is proved. 


Since S"[e(c,B)]=e(c+nB,B), S*fe’(c,B)] =e (c+ nB.B8) and the 
points 


--,c—B, c, c+B, c+ 


when reduced mod (1+ 8) form a set which is everywhere dense in the 
interval J,, it follows from Theorems 5.1 and 5. 4 that the orbit of any point 
of M(f) is everywhere dense in M(). 

The proof that M(8) is a minimal set is complete. 


6. Properties of the minimal set M(8). The set W(f), which has 
been shown to be minimal under the transformation S, is a subset’ of the 
totally disconnected set H(C2) and hence is itself totally disconnected. It 
follows from Theorem 5.2 that M(f) is not a finite set and thus is not a 
periodic orbit. Since (8) contains more than one orbit and each orbit is 
everywhere dense in M(8), each point of (8) is a limit point of points of 
M(B) and M() is dense-in-itself. Since W(f) is a closed subset of a com- 
pact space H(C.), M(8) is compact. Thus we can state the following theorem. 


THEOREM 6.1. The minimal set M(B) is compact, perfec! and totally 


disconnected. 


Let d(e, e*) denote the distance between the points e and e* of H(C2). 
Let S"(e) =e, and 8*(e*) =—e*,, n=0, +1,+2,---. The orbits of e and 
of e* will be said to be positively asymptotic (negatively asymptotic) it 
lim d(én, e*n) =0 (lim d(én,e*n) =0). The orbits will be said to be 
n—>+00 n—>—00 
doubly asymptotic if they are both positively and negatively asymptotic. 
THEOREM 6.2. The minimal set M(B) contains a pair of doubly 


asymptotic orbits. 


Let us consider the distinct points or symbolic elements ¢(0,8) and 


e’(0,8). The points 
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—2B, — 8, B, 2B, 3B,- 


are all interior points of a-intervals or of b-intervals and consequently the 
symbols of e(0,8) and e’(0,8) which correspond to any one of these points 
are identical. It follows that 


d[S"e(0, 8), S"e’(0, B)] = d[e(nB, B), B)] =1/(n +1). 


Thus 
lim d[S8e(0, 8B), S"e’(0, B)] = 0, 
o 
and the orbits e(0,8) and e’(0, 8) are asymptotic. 

Let X be a metric space and let T(X) =X be a homeomorphism of -V 
onto X. The homeomorphism R(X) =X of X onto X is said to be orbit 
preserving with respect to T if R(T"(x)) = T"(R(x)) for all points x of Y 
and all integral ». A question raised by Birkhoff [3] concerning continuous 
flows suggests the following question concerning minimal sets in the case of 
a single transformation. Given a minimal set and a pair of points of the set. 
does there necessarily exist an orbit preserving homeomorphism of the minimal 
set onto itself transforming one of these points into the other? With the aid 
of Theorem 6.2 we can conclude that the answer is in the negative. 

For suppose that R(W(8)) = M(B) is an homeomorphism of M(g) 
onto M(8) such that FP is orbit preserving with respect to S and such that 
R[e(0, B)] =e’(0,8). Since e(0,8)«e’(0,8), R is not the identity. 
There are no points of M(f8) which are fixed under R. For if R(e) =e, 
then all points on the orbit of e are fixed points under RF and since the points 
of any orbit are everywhere dense in M(8) it would follow that the ‘fixed 
points of R would be everywhere dense in M(8). This would imply that Rk 
is the identity, which is not the case. Since there are no points of M(B) 
which are fixed under R and since M(B) is compact, there exists a § > 0 
such that d[R(e),e] > 8 for all e in M(B). But then the orbits of e(0, B) 
and e’(0, 8) could not be doubly asymptotic, contrary to Theorem 6.2. Thus 
the orbit preserving transformation RF cannot exist. 

If, however, the compact metric space XY is minimal under the regular 
homeomorphism 7'(.\) = X, then it can be proved that given any two points 
of XY, there exists an orbit preserving homeomorphism of 1 onto X trans- 
forming one of these points into the other. As to whether the converse of this 
statement is true or not appears to be an unsolved problem. 

The homeomorphism 7(X) =X of the metric space XY onto X is said 
to be almost periodic if, corresponding to « > 0, there exists a relatively 


dense sequence of integers 


9 
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such that d[7™‘(x),2] < for all x in X and all integral values of i. We 
note that the transformation S is not almost periodic on the minimal set 
M(8). For if S were almost periodic on M(B), let us choose «1/3 and 
let (6.1) denote the corresponding relatively dense set of integers. If 
e = e(0,8) and e’ ~e’(0,8), then d(e, e’) =1 and since d[S"‘(e),e] << 1/3 
and d[S"*(e’), e’] < 1/3, we infer that d[S"(e), 8" (e)] > 1/3 for all ¢. 
It follows that the orbits of e and e’ could not be doubly asymptotic, contrary 
to Theorem 6.2. Thus S cannot be almost periodic on M(£). 

The homeomorphism 7'(X) =X of the metric space XY onto XY will be 
said to be locally almost periodic on X if, given any point x of X and any 
neighborhood U (2) of x, there exists a neighborhood V(a) of 2 and a rela- 
tively dense sequence of integers (6.1) such that 7™[V(2)]C U(x) for 
i=0,+1,+2,---. We prove that S[M(f8)]— M(B) is locally almost 
periodic. In order to do this we introduce another but equivalent topology in 
the space M(B). 

Let e be any point of J1/(8). Then there exists a constant ¢ such that 
either e=e(c,B) or e=—e'(c,B). We consider first the case e = e(c, B) 
and c54m,mod B, m an integer. Then, according to Theorem 5. 2, e(c, B) 
= e’(c, 8) and in this case we define a neighborhood U of e to be the set of 
all e(a, 8) and e’(2, 8) such that | «—c | < 8, where 8 is a positive number. 
If e=e(c,B) and c=m, mod B, m an integer, we define a neighborhood of 
e to be the set of all e(2,8) and e’(a, 8) such that eS a2 < c+, where 8 is a 
positive number. If e=e’(c,8) and c=m, mod £, m an integer, we define a 
neighborhood of e to be the set e(z,8) and e’(x;8) such that ce—8<arSe, 
where 8 is a positive number. It is not difficult to verify that these neighbor- 
hoods satisfy the Hausdorff axioms as well as the conditions of regularity and 
separability. 

Since M(B) is a subset of the metric space H(C.), M(B) is a metric 
space. The equivalence of the two topologies defined by the neighborhoods U 
and the metric in M(B) is a simple consequence of Theorems 4.4 and 4. 5. 


TurorEeM 6.3. The transformation S is locally almost periodic on the 


minimal set M(B). 


Let e be an arbitrary point of M(8). Then there exists a real number c 
such that either e = e(c, 8) or e=e’(c, 8). We consider first the case when 
e=e(c,B) and mod B, m an integer. Then e = e(c,B) ~e'(c,B). 
Let U be the neighborhood of e¢ defined by the set e(a, 8B), |a—e|<8>0, 
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and let V denote the neighborhood of e defined by the set e(x, B), 
|a—c|< 8/2. Evidently VC U. Since M(f) is a minimal set, each point 
of it is almost periodic and there exists a relatively dense sequence (6.1) 
of integers such that S"*(e)«V, i=0,+1,+2,---. But 


Sm(e) S"[e(c, 8)] = e(c +B, B) 


and hence ¢ + nj8==d;,mod (1+ 8), where d; —c| < «/2. Now S"(V) 
is defined by the set e(x + nif, B8), | e—c| < 8/2. But then for each such «x 
and integer i, there exists a y(a,1) such that «+ n;B==y(z,i),mod (1+ B), 
where | y(c,i) —d;| < 8/2. It follows that | y(a,i) —c| <8 and hence 
e(a+ B)«U. Thus 8" (V) CU, i=0, + 1, + 2,---, and the theorem 
is proved in the case under consideration. 

The proofs in the other cases are similar and will be omitted. 

Let the compact metric space X be minimal under the homeomorphism 
T'(X) =X of X onto itself. The minimal set V will be said to be powerfully 
minimal if .Y is minimal under all powers of 7 other than T° = the identity. 
If the number of components of X is finite and greater than one, XY cannot 
be powerfully minimal. The following theorem shows, however, that a set 


may have infinitely many components and yet be powerfully minimal. 


THEOREM 6.4. The set M(B), which is minimal under the trans- 


formation S, is powerfully minimal under S. 


For let & be any non-zero integer and let 7 = S*, If e denotes any 
point of M(B), let c bea real value corresponding to e. Then we have either 
e=e(c,B) or e=e'’(c,B). The arguments in the two cases are similar, 
so we shall assume that e = e(c, 8). Then the points of the orbit of e under 


T and its powers are the points 
But &B and 1+ £ are incommensurable, so that the points 


reduced mod (1-+ 8) to the interval 7, are everywhere dense in this interval. 
It follows that the orbit of e¢ under 7’ and its powers is everywhere dense in 
M(B). But this implies that (8) is minimal under T and hence powerfully 


minimal under S. 
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VARIETY CONGRUENCES OF ORDER ONE IN n-DIMENSIONAL 
SPACE.* 


By Epwin J. PURCELL. 


A variely congruence of order one in [n] is an algebraic «*-system of 
varieties, each of dimension n —k and order h, in n-dimensional projective 
space, such thai through a generic point of [n] one and only one V*,x, of the 


system passes, (k any positive integer not greater than n, and / any positive 
integer). 


A generic point P of the ambient [n] determines uniquely a V",_;, through 
P, and this same V",, 


is likewise determined by any other non-fundamental 
point on it. 


This paper treats variety congruences of order one in [n], where the 
generic variety may be of any dimension less than n and of any order whatever. 
The congruences are classified and their fundamental loci discussed. Curve 
congruences of order one in [3] are examined in more detail. 

When / = 1. the generic variety of the congruence in [n] is a flat space.’ 
When » =k, and h is any positive integer, the generic variety of the 
congruence is a group of A points having the property that any point of the 


group determines the remaining h —1 points of the same group. 
When n =k and h = 2 


each congruence establishes a Cremona involution 
in [n]. 


Any point of [n] and its correspondent in the involution form a V,° 
of the congruence, and conversely. 


These Cremona involutions will be treated 
in a separate paper. 


The results of very many writers on Cremona transformations, Cremona 
involutions. (1. m) correspondences, and line or curve congruences of orde1 
one, can be obtained by specializing the present paper.” 


* Received July 24, 1943. 


Purcell, * Flat space congruences of order one in [x],” Transactions of the 
American Mathematical Society, vol. 54 (1943), pp. 57-69. 


2 For example, the beautiful results of F. R. Sharpe and Virgil Snyder, “ Certain 
types of involutorial space transformations,’ 


Transactions of the American Mathe- 
matical Society, vol. 20 (1919), pp. 185-202, follow immediately from the case n = k = 3, 
h = 2, of -our congruences. 
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PART I. n-Dimensional Space. 


1. Fixed base. Consider the r simultaneous equations 


+ + ma 0, 
(1.1) 
in which the f;; are non-specialized forms of order ¢; (any positive integers) 
having constant coefficients, and the are pa- 
rameters. These equations define an o’-system of varieties V in [n]. 
For a variety V of the system (1.1) to pass through an arbitrary fixed 
point P of [n], 
t+ = 0, 
where pj; is the result of substituting the codrdinates of ? in f;;. Hence 


where P; is (—1)/* times the determinant formed from the matrix 


Pig.” Piva 


1} 
Pres 


by omitting the j-th column. 
That is, the equations of the variety V of the «’-system (1.1) passing 
through an arbitrary fixed point P of [nm] are 
Pyfiss Pri ro1 =O, 
(1. 2) 
Let Q be any other point on the variety V through P. From (1.2), 


The ratios P,; : Ps: : Prs; are unique for the variety V passing through 

The totality of the varieties (1.2) for all positions of P in [n] form an 
oof-system of which one and only one member passes through a generic point 
of [n]. Moreover, we have seen that any other point Q on the variety through 
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P determines that same variety. Therefore, the equations (1.2) represeni 
the variety through a generic point P of a variety congruence of order one 
in [n]. 
A generic variety of this congruence is of dimension n — r and order ie 
1 


The symbol 


fur fi r+1 
(1. 3) 0 
fr: fr r+1 
means the 1 simultaneous equations, = 0 (j =1,:--,r +1), where 


Fj is (—1)4** times the determinant formed from the matrix of (1.3) by 
omitting the j-th column. 

The locus (1.3) will be called a fixed base of the congruence. 

For a point ?, not on the fixed base (1.3), at least one P; fails to vanish ; 
call such a one P,. If all the other P; vanish, it is clear that the intersection 
of the variety (1.2) with the fixed base (1.3) is the same as the intersection 
of (1.2) with F, = 0. 

Should another P; fail to vanish, say P;, 40, by solving equations (1. 2) 
for the fix, (t= 1,- - -,r), and substituting these results in Fy = 0, we obtain 
P,F;./P; = 90. Therefore, any point common to the variety (1.3) and Fy 0 
also lies on F, = 0. It follows that the intersection of a generic variety (1. 2) 
of the congruence with the fixed base (1.3) is the same as the intersection of 
(1.2) with any #; =0 for which P; #0. Every variety (1.2) of the con- 
gruence tntersects the fixed base (1.3) in a variety of dimension n—r—1 


and order (II b(E $i), which varies on the fixed base (1.3) as (1.2) 
varies in [a]. 

The equations (1.1) establish a (1,1) correspondence between the 
varieties V of our congruence in [n] and the points P, with codrdinates 
* *, of a flat space [#]. 

A point P of [7] is determined by its codrdinates; it can also be de- 
termined by any r independent primes that pass through it. We have already 
seen that the codrdinates of P determine in equations (1.1) a variety V of 
the congruence in [n]. Likewise, r independent primes of the system 


(1. 4) 4- oll + = 0 
in [7], have as correspondents in [n] r primals of the o7-system 


where the A; are parameters. 
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The r primals 


Puls Pi rel rat 


~ 

— 


Pril’: Prrak ran 


of the system (1.5) intersect in the fixed base (1.3) and the variety V ot 
our congruence that passes through P. Thus, a generic variety of our variety 
congruence of order one in [mn] can be represented in two ways: first, as the 
complete intersection of the r primals (1.2), of orders ¢; ((=—1,:°-,1r) 
respectively ; second, as the variable intersection of the r primals (1.6) of the 


x2'-system (1.5) through the fixed base (1.3), all of the same order > qx. 
1 
When n =r and ¢, == =: the primals (1.5) form 
a homaloidal system, any 7 members of which intersect in a single point. This 
establishes a Cremona transformation between the points of [|] and_ the 


points of 


2. Other congruences. Wher 7 < n in 1, other variety congruences of 
order one in [7] can be constructed. Let r+hkSn. 


The equations 


(2.1) 


in which the dj‘? are forms of order ¢;'*) (any positive integers) in 


having coefficients that are themselves forms of order in 
(21; any positive integers or zero), define, for each set of ratios 
Fay, an o*-system of varieties in [n]. The - -, #@ 


are parameters of the system. 

An arbitrary fixed point P of [mn] determines in (1.1) the ratios 
Po: +++: Pry. Since all points on any one 
variety of the o7’-system discussed in 1 give the same set of ratios, equations 
(2.1) associate with each variety of the o’-system of 1 a unique o*-system 
of varieties. The 2*-system associated with the variety (1.2) through 7 ix 


given by 


(2. 2) 


T. G. Room, The Geometry of Determinantal Loci, Cambridge, 1938, p. 116. 


= 
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where f;;‘*’ is the result of substituting P,,- - -, Pri: for +, in dyj. 
The entire discussion of 1 applies equally to the o*-system (2.2). The 
unique variety of the system (2.2) passing through P has equations 


- Pts) (2) == (), 


k+1° 1 k+1 


k+1° k+1 


is (—1)4* times the determinant formed from the matrix 


(2) || 
| 
(2) (2) || 
Dar? | 
[| Pas 


by omitting the j-th column. Here p;;'*) is obtained by substituting the 
coordinates of P for in fij"?. 
Equations (1.2) and (2.3) together constitute a first representation 
of the variety through P, of a variety congruence of order one in [n]. A 
generic variety V of this congruence is of dimension n —7—k and order 


r k 
¢:) (II 
1 1 
A second representation of this variety through P of the congruence is 


given by equations (1.6) and the equations 


pp... AC) —(), 
(2.4) 
in which F’;'‘*) is (—1)4*? times the determinant formed from the matrix 
|| 
*kk+1 


by omitting the j-th column. 

Thus, a generic variety of our variety congruence of order one in [mn] can 
be represented in two ways: first, as the complete intersection of the r+ k 
primals, (1.2) of order ¢; (i -,7) respectively, and (2.3) of orders 
oi) (t=1.:--,k) respectively; second, as the variable intersection of * 
primals of the system (1.5) and & primals of the system 


where 
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The symbol 


dics || 


means the & -+- 1 simultaneous equations = 0 (j 1), where 
D; is (—1)4* times the determinant formed from the matrix of (2.6) by 
omitting the j-th column. 

For all points P on any one variety of the congruence of 1 equations (2. 6) 
define one base, while for all points P on any other variety of the congruence 
of 1 they define a different base. The effect of this is to associate with each 
variety of the congruence of 1 a unique base. Accordingly, (2.6) will be 
called a dependent base. 


3. Dependent base. If r+ kh < n, the process of 2 may be repeated. 
In general, a dependent base is defined by 


| diy 
(3.1) 

d (g) . : = d‘9) 

81 8 

(1 < gw), in which the d,;” are forms of order ¢;4'9 (any positive in- 
tegers) in 2,° - *,Unsi, whose coefficients are themselves homogeneous of order 
Tj +, homogeneous of order ago; 
(t==1,-- +, G25; - homogeneous of order 


The Zz; are the parameters of the system (1.1). The 7 (j —1,- 
% +1) are parameters of the «*'-system (t = a.) 


vy di; a 0, 
(3.2) 

for a=2,---,g—1. The d;; are forms of order ¢; (any positive 
integers) In 21,° * *,%n4s1, Whose coefficients are themselves homogeneous of 
order oa in homogeneous of order 
Garg in (1 - -, j= +, homogeneous of order 
Oua-14 (1 —1,- j= l,- ‘ 


In constructing variety congruences of order one in [n] we commence 
with a fixed base (1.3) and continue with dependent bases (3.1) whose 
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matrices have %w» Tows, respectively, subject to the restriction that 

We defined P; in 1 and P;‘? in 2. P; is obtained by substituting the 
coordinates of P for in and F;® is (—-1)4* times the 
determinant formed from the matrix 


{| (3) . (3) 
faa fi |) 
(3) 
Jti fi t+1 || 


by omitting the j-th column. Here f;;‘* is obtained from d;;“) by substituting 
P, for % and P;, for Similarly P;,---, are defined. 

The unique variety V of our variety congruence of order one in [n] that 
passes through an arbitrary fixed point P is given by equations (1.2) together 


with 

J 2 

jor g=2,:--,w. is obtained from by substituting P; for 7;, 
and P;@ for (a=2,---,g—1). 


A generic variety of this congruence is of dimension n —(a, +---+ aw). 
In general, its order is the product of all the ¢;?. 

If all the elements of any one column of (3.1) contain the same form in 
rj (j=1,:--,a:-+1) as factor, this factor will fall away from all the 
equations (3.3). By removing such factors from the columns of (3.1) we 


ebtain what was recently caled a terminal base.* 


4, Classification. The type symbol (a: - - %«)n denotes a variety con- 
eruence of order one in [n]; a, is the number of rows in the matrix of the 
fixed base (1.3). % (g=2,:-+,w) is the number of rows in the matrix 


of the dependent base (3.1). The a; are positive integers whose sum & is not 
greater than n. 

In what has gone before, the congruences have consisted of varieties oi 
dimension n — k, whose first representation is the complete intersection of k 
primals. However, this may be modified so that the first representation of a 
generic variety is a partial intersection of k primals, as will be shown by an 
example in 7. 

When the generic variety V of the type congruence of order 


* Purcell, loc. cit., § 4. 
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w 

one in [n] is the complete intersection of k = > a; primals, it is of dimension 
1 

n —k and order 


In general, V intersects the bases in a variety consisting of w parts, each 
of dimension » —: k — 1, whose orders are, respectively, 


(> $i); v(> 


But, under certain circumstances, some or all of these w parts may be required 
to coincide.® 

For type @w)n, the and (g = 2,- - -,w) are any positive 
integers, and the og are any positive integers or zero. 


5. Fundamental loci. A point through which more than one variety 
of the congruence passes is called a fundamental point. A fundamental point 
fails to determine a unique variety of the congruence. 

Two kinds of fundamental points in [n] will be considered. Those of the 
first kind fail to determine some or all of the equations (1.2) and (3.3). 
Those of the second kind determine all the equations (1.2) and (3.3) but 
the equations are not independent. 

As the arbitrary point P varies in position throughout [n], the inter- 
section of the dependent base (3.1) with its associated variety 


P,OF,,@ 4 - f(a) = 0, 


d+1° 1 d+1 
P,@ P@f@ — 0, 
(a=1,- - -,g—1), sweeps out a locus which we will call a dependent base 


locus and designate by B, (l< gw). 

B, denotes the fixed base (1.3). 

The points of B, and B, (g =2,:--+,w) are fundamental points of the 
first kind for the variety congruence of order one in [n|. These fundamental 
varieties are of dimension n—2. In special cases, however, the dimension 
of a fundamental variety may be lower, as will be shown in 7. 


The symbol 


hin 
1 g+1 
(5. 2) | 
hig) |) 
8 


®* Purcell, loc. cit., § 6. 
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means the s +- 1 simultaneous equations H;‘” = 0 (7 =1,: -,s-+ 1), where 
H; is (—1)/** times the determinant formed from the matrix of (5.2) by 
omitting the 7-th column. The h,;‘” are obtained by changing the codrdinates 
of P to wherever they appear in f;;‘%. 


The equations (5.2) give the dependent base locus By (y =2.:-*,w),. 
after all preceding dependent base loci By; have been rejected. 


To find the order of B,, the fixed base (1.3), choose any two Fj; = 0. 
As noted by Salmon ° in a somewhat similar situation, B, is the residual inter- 
section of these primals after rejecting the locus expressed by the simultaneous 
vanishing of all the (*—-—1)-row determinants common to the two selected Fj. 
It follows by induction that the order of B,, the fixed base (1.3), is equal to 
the sum of the squares of the $; plus the sum of the products of the do; taken 
two at a time. 

Formulae for the orders of the dependent base loci, By (g = 2.:- -,w), 
can be found but are cumbersome. Instead, a method for their computation 
will be indicated by an example. 

Consider the type (12), conic congruence of order one in [4], in which 
= 2, o,'? = == 1. The fixed base B, is the quartic surface 


(5. 3) Iu fie | 


basis for a pencil of hyperquadrics. 

The hyperquadric of this pencil passing through an arbitrary point P 
of [4] is 


The dependent base is 


(2) | 
dis dis dis i |= 0. 
|| 


cr 
or 


For each hyperquadric (5. 4), equations (5. 5) represent a rational norma! 
cubic surface in [4], and the plane through P, intersecting it in a conic, is 


‘ given by 


Pf, + P; = 0, 


®G. Salmon, Modern Higher Algebra, 4th ed., Dublin, 1885, § 272. 
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The equations (5.4) and (5.6) simultaneously define the unique conic 


of the congruence through an arbitrary point P of [4]. 
The dependent base locus, B., is of dimension 2. Its equations are 


(5.7 


In finding the order of B., (5.7), notice that H,'?) = 0 is a primal of 
order 2(02:, +- o2:2 +1) on which the quartic surface B,, (5.3), is 
(0211 + o212)-fold. is a primal of order + o212-+ 1) con- 
taining (5.3) as -+ o2:2)-fold surface. =0 and H,‘*) = intersect 
in surfaces of total order 4(¢21; + o212-+1)?, containing (5.3) counted 
(G21. + o212)* times, from which must be rejected the surface whose equations 
are h,;°) = h.,°) = 0. This rejected surface is of order (202: + 1) 
X (2en2-+ 1), containing (5.3) counted o2::0212 times. The residual inter- 
section of H,‘?) and H,) =0 is of order 402:,7 + 402127 + 4e2110212 
+ 6021: + 6021. + 3, containing (5.3) as (e211? + o2110212 + 2127) -fold sur- 
face. Therefore, the dependent base locus, Bz, is a surface of order 6o»,; 
+ + 3. 

The dependent base locus, B2, intersects the fixed base, B,, in a curve of 
order 12(02:; + oo12). 

B, and B, are surfaces of fundamental points of the first kind. When 
they are given, the congruence is completely determined. 

Fundamental points of the second kind are those points of [n], not on 
B,.: + +, By, for which the equations (1.2) and (3.3) fail to be independent. 
In such cases, the variety defined by some of these equations is contained com- 
pletely in the variety defined by the remaining equations. In the above 
example of a type (12), conic congruence of order one in [4], let oo, = 021: 
= 0. Then B, is a rational normal cubic surface in [4]. There are 20 planes 
of the system (5.6) that lie entirely on their associated hyperquadric (5. 4). 
Each such plane intersects B, in a conic and B, in a conic. Through any 
point of such a plane, not on B, or Bz, «* conics may be drawn intersecting 
B, in 4 points and B, in 4 points. Thus no point on any of these 20 planes 
determines a unique conic of the congruence. The points of these 20 planes, 
not on B, or B., are fundamental points of the second kind for the conic 
congruence.’ 


7 Another example of fundamental points of the second kind is given in Purcell, 
loc. cit., § 2. 


hy3°?) 
he,‘ 
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6. An application. As has already been indicated, when n—<& and 
h = 2 the generic variety of any of our congruences is a V,*. Each of the 
two points determines the pair, and P and P’ are correspondents in a Cremona 
involution in [n]. An extensive treatment of Cremona involutions from this 
point of view is now in preparation, but it may be worthwhile to give one 
example here to illustrate the usefulness of our theory in new discovery. 

Our type (111), variety congruence of order one, in which ¢; —1, 
@,?) = 2, and ¢,) =1, gives a very general Cremona involution in [3]. 
This involution does not seem te he in the literature, although Sharpe and 
Snyder’s III, involution is a specialization of it.* 


The fixed base is 


(6. 1) B, — | his hie i| = 0. 


k 


where f,;== > and a,j; are constants (kK = 1,- -,+4). 
The «?-system based on (6.1) is 
(6. 2) + 0. 
The tirst dependent base is 
(6. 3) d;.‘*) | == 0, 
1-4 
where == in which the are homogeneous of order 11 


any positive integer or zero). 
The «?-system based on (6.3) is 


(6. 4) + = 0. 
The second dependent base is 


where d,;‘*°':=5 and al) is homogeneous of order in and 
1 d 


also homogeneous of order In -,4). The and 
G1, are anv positive integers or zero. 


The «?-system based on (6.5) is 


(6. 6) + — 0, 


§ Sharpe and Snyder, loc. cit., p. 201. 


t 
| 
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Equations (6.2) and (6.6) can be rewritten 
(6. 7) + + My 0, 
(6.8) Me Ly + Moye, = 0, 
respectively, in which = + and 

Denote by M the matrix 


We define Mag, for « < B, to be (—1)**8 times the determinant formed from 
the matrix M by omitting the «-th and £-th columns; Mag for « = # is defined 
as zero; Mag for « > B is defined to be — Mga. 

Equation (6.4) can be rewritten 


1-4 
(6. 9) Aj === (), 
where Ay: = + 


From equations (6.7), (6.8). and (6.9) we obtain the equations of the 
/ ] 


involution. 


1-4 
( 6. 1 0) pr’, ( A ij vy, 

inj 
(r= 1,- - -,4), in which A;;, and Mj, are obtained from .1;;, Mir, and 
M j,, respectively, by substituting F; for H; for and H;‘*? for 


(j = 1,2). 

The order of the involution is 4032:021; + 80321 + 40311 + 2o2:; + 5. 

The fixed base is a line of fundamental points of the first kind. B, is a 
(403210211 + 40311 + 260:, + 2)-fold line on every homaloid. 

The dependent hase locus, B., is a curve of fundamenta! points of the 
first kind. B, is a curve of order 402;, + 4, having 4021; points on line B,. 
Bz is (4032: + 1)-fold on every homaloid. 

The second dependent base locus, B;, is a curve of fundamental points of 
the first kind. B; is a curve of order 4032:0211 + 203210211 + 40321 + 20311 + 1. 
having 4032:0311 + 203210211 + 2031; points on line B, and 8032; (0311 + 21: 
+-1) points on curve B,. B, is a double curve on every homaloid. 

Fundamental points of the second kind are those points, not on B,, Bz, 
or B;, for which equations (6.7), (6.8), and (6.9) fail to be independent. 
Any point of [3]. not on B,, B., or B;, determines, by means of equations 
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(6.7) and (6.8), a line passing through it. This line, in general, intersects 
its associated surface (6.9) in two free points, P and P’. But a finite number 
of such lines lie entirely on their associated quadrics. To any point of such 
a line there corresponds the whole line. All points on such lines, not on B,, 


B., or Bz, are fundamental points of the second kind. 


PART II. Curve Congruences of Order One in [3]. 
There are two types of curve congruences of order one in [3], as indicated 


hy the type symbols (2), and (11);. 


7. Type (2),;. The fixed base is ; 
fie fis || 
ty |= 0, 
| fer Too fos || 


and the unique curve of the congruence passing through an arbitrary point 
of [3] is given by 

(7 9 ) Psfis = 0, 

Pi fer + Psfos = (), 


Two cases of type (2), must be considered according as all the elements 
of either row of the matrix of (7.1) do not, or do, have a fixed curve in 
common. 

In the first case there is no fixed curve common to all the f,; 0 or 
common to all the f.;—0. <A generic curve (7.2) of the congruence is of 
order ¢,¢2 and the fixed base (7. 1) is a space curve of order $17 + dide + 2°. 
The fixed base (7.1) is a curve of fundamental points of the first kind. 

The f,; = 0 intersect in one set of ¢,° associated points and the f.; = 0 
intersect in a second set of d.° associated points, (j = 1, 2,3). When no point 
of the first set coincides with a point of the second set, the fixed base (7. 1) 
passes simply through all points of both sets. A generic curve of the con- 
gruence intersects the fixed base (7.1) in di¢2(¢1 + $2) variable points. Ifa 
point K of the first set of associated points coincides with a point of the second 
set, the fixed base (7.1) has KX as a triple point and every curve of the con- 
gruence goes through this fixed point. The number of variable intersections 
of a generic curve of the congruence with the fixed base curve is reduced by 3. 
This process continues for each point of the first set that coincides with a point 
of the second set. 

When ¢,; = ¢2, an interesting special case arises if the two sets of ¢,° 
that is, if all the f;; = 0 belong to the same 


associated points are the same 
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Y 


net. The order of the curve C whose equations are (7.1) cannot be greater 
than 3¢,°, and C has the ¢,° associated points as triple points. Consider a 
pencil of surfaces of order ¢, through the ¢,° associated points and another 
point on C’. Each surface of this pencil intersects C in 3¢,° + 1 points and 
therefore C lies entirely on every surface of the pencil. The order of C is ¢,°. 
Cis not a fundamental curve but merely a member of the curve congruence. 
The ¢;° associated points are the only fundamental points and these are 
isolated. This curve congruence of order one in [3], consisting of the curves 
of order n° through n° associated points, has long been known and is now 
seen to be a special case of our type (2). 

In the second case of type (2);, one or more curves lie on all the f,; = 0 
or on all the f.; 0. Let T be a fixed curve of order y common to all the 
fij=0. The fixed base (7.1) is now composite, consisting of the curve T 
counted once and a residual curve of order $17 + did2 + $2” — y. 

Should T lie on all the f,; = 0 and also on all the f.; = 0, the fixed base 
(7.1) will consist of the curve T counted three times and a residual curve of 
order ¢,° + bids + do” — 3y. In this case a generic curve of the congruence 
is the partial intersection of the two surfaces (7.2), the residual in each 


instance being the fixed curve [ counted once. 
8. Type (11),;. The fixed base for the type (11); congruence is 
(8.1) fie | =O 
and the equation 
(8. 2) + Pofi2 = 0 


represents a surface of order ¢,, through an arbitrary point P of [3], belonging 
to the pencil on (8.1). 
The dependent base is 


(8.3) dy |] 0. 

For each surface (8.2) of the pencil on (8.1), the equations (8.3) define a 
unique curve of order (¢,‘°))?, basis of a pencil of surfaces. The surface of 
this pencil through P is 

(8. 4) © 4 PLO fie = 0, 

which is of order 4, 


Equations (8.2) and (8.4) simultaneously define the unique curve of the 


congruence passing through an arbitrary point P of [3]. 
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The locus of fundamental points of the congruence is the fixed base, B,. 
whose equations are (8.1). and the dependent base locus, B., whose equa- 


tions are 


(8. 5) Ayo =O. 


The fixed base, B,, is a curve of order ¢,° and the dependent base locus, 

Bz, is a curve of order + 26, B, and intersect in 
02:16," points. 

Should have as factor a binary form of order (@ S in 4, Zs. 

the dependent base locus, B., would be a curve of order ($,'?))? + 246; e114, 

- wig, intersecting the fixed base, B,, in 2¢; — points. 

A generic curve of the congruence is of order ¢,¢,°*). It intersects the 

fixed base, B,, in 4,°°)¢,° points and the dependent base locus, B., in ¢,(¢,° )? 

points. ‘These points, in general, vary on B, and B. with the generie curve of 


the congruence. 


UNIVERSITY OF ARIZONA, 


2 
r 
) 


RELATIONS BETWEEN THE COMPOSITES OF A FIELD AND 
THOSE OF A SUBFIELD.* 


By N. JAcoBson. 


The present note is an addendum to a recent paper appearing in this 
Journal on a Galois theory for arbitrary fields.1 We recall that the funda- 
mental concept of the general theory is that of a composite of a field P with 
itself defined to be a system [T = (K,S,7') consisting of a ring A and two 
isomorphisms S and 7’ of P into subfields PS and P? of A such that 1) K is 
commutative, 2) K = PSP’, 3) 18=17, and 4) (K:P7) is finite. Now let 
S be a subfield of finite index (i.e., (P: 3%) finite) in P; then it ts readily 
seen that T determines a composite = (3837, 8,7) of with itself. 
In this paper we shall investigate relations between T and [(3). In the special 
case where P= S=® and P is finite and separable over ®, the corre- 
spondence between T and (3%) induces a homomorphism between the hyper- 
group of P over and the hypergroup of over &. We show 
also that the hypergroup //y;g is isomorphic to the hypergroup I/ pg 7 Hy; 
of double cosets of Hp;y in Hpjg. This implies that the hypergroup of a 
separable field is isomorphic to the hypergroup of double cosets of a group 
and hence is completely regular in the sense of Dresher and Ore.’ In the 
last section of this paper we give an independent proof of this fact by 
deriving certain properties of inverses of self-representation that may be of 


intrinsic interest. 


1. Composites and self-representations induced in a subfield. Lect P 
be an arbitrary field and let [= (K.S,7) be a composite of P with itself. 
Suppose that & is a subfield of finite index in P. Then if (A: P?) =m 
and (P:3) ==q, (K:%") == mq and so (3837: 37) S mq. It follows that 

* Received April 27, 1944. 

1 An extension of Galois theory to non-normal and non-separable fields,’ vol, 66 
(1944), pp. 1-29, referred to as E. 

*In a slightly different form this hypergroup was first defined by Kaloujnine in 
“Sur la théorie de Galois des corps nongaloisiens séparables,” Comptes Rendus dé 
Académie des Sciences, vol. 214 (1942), pp. 597-599. Cf. also E, pp. 24-26. 

*“ Theory of multigroups,” this Journal, vol. 60 (1938), pp. 705-733. 
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(3837,.8.7') is a composite of & with itself. We shall denote this composite 
as T'(3) and shall call it the contraction of T to the subfield &. 

Suppose next that £ is a self-representation of P. Then if ye, the 
correspondence y—> y¥” is a representation of = by matrices with elements in P. 
Let & be a regular representation of P over 3. Then the elements aRpq of the 
representing matrices = are in 3. Now we may replace the elements 
of y” = by the matrices and obtain in this way a self- 
representation G= X R of &. Let be the double P-module and 
the right basis of # that gives rise to Z. If pi,---,pq is a basis for P over > 
that gives rise to the regular representation R, then the vectors 2,p;.°--, @:pq3 
form a right 3-basis for Then mav be 
regarded as a double S-module R(%) and it is readily seen that the self- 
representation obtained from the basis ap; in the order given is G= EX R. 
If T= (P’P”, F, D) is the composite of we know that T = (P_P,. L, R).* 
Since the composite of R(3%) is (373,, 0, R), it is clear that the composite 
of the self-representation G of = is the contraction of the composite of F. 

Now let IY be a given composite of with itself and let @ be a self- 
representation of & having IY as its composite. Again let R be a regular 
representation of P over %. For the element «pq of the matrix ¢” we now 
substitute zR,,% and we obtain in this way a new self-representation F of P 


such that the elements #/;; of the matrices z” all lie in &. For y in = we have 


a 
= (/ = ly x 
ag 
Hence in the self-representation 7 & R of & we have 


q ly ) 


and this matrix is similar to X y%. Thus the self-representation R 
of S is similar to a multiple of the given self-representation G. Hence the 


composite I” of G is the contraction ['() of the composite T of F. 


4 As in E equivalent composites are identified. The symbol = is used for equiva- 


lence and we write T,=T, for “T, is a cover of T,.” . 


J | | | 
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We recall that a composite T= (K,S,7) of P is simple if A = PSP” 
is a field. Then if & is a subfield of finite index in P, K is finite over 37 
and hence 3537 is a field. Thus the contraction [() is simple. Conversely 
let IY be a given simple composite of } with itself and let T be a composite 
of P with itself such that [(3) =I’. Suppose that R is a double P-module 
having the composite [ and let © be an irreducible submodule of %. Then if 
is the composite of ©, =I”. Since I” is simple, = 1’. 


We summarize these results in the following 


THEOREM 1. Jf Sis a subfield of finite index in P and TY” is a composite 
of & with itself, then there exists a composite T of P with itself whose con- 


traction T(S) =I’. Moreover, if 1” is simple, T may be taken to be simple. 


2. Conditions for equivalence. We recall that the composite of a self- 
representation is determined by the set of endomorphisms ;pi; where p 
denotes the multiplication €— &p in P. Since pki; = % Eiapaj, it follows that 
a necessary and sufficient condition that and = (ak have 
equivalent composites is that each Fy, be expressible in the form 3 x1 
and each £;; have the form 3/i7%1,i;.. We recall also that if R is the regular 
self-representation of P over 3, its composite A is closed and the set 3 Rpgpp: 
is the complete ring of linear transformations of P over 3. If y € 3, ying = Spay 
and hence the totality = Rpgipq, o in &, reduces to the set of multiplications o 
if these endomorphisms are restricted to act in =. We may now prove the 


following 


THEOREM 2. Let T, and YT. be two composites of P, & a subfield of finite 


index in P and A the closed composite of P over 3. Then if 
(2) AXT: XA. 


Let 2, and F, be self-representations of P with composites T, and TL, 
respectively and let R be a regular representation of P over %. Then the 
composite of R is A. Suppose now that T,(2) —T.(2). Then the induced 
representations G,—= LH, X R and G.== HF. R of & have the same com- 


‘composite. Hence if Rpg denote the endomorphisms associated 


with #,, £, and RF respectively, there exist elements p,v in & such that 


y Ex (32; Ry avi jp'q’.klpq) 


for all y in &. Since for any ~ in P, af,, is in &, it follows that these equa- 
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tions are valid when y is replaced by #R,,. The resulting equations show that 
RX Rand RX X R have the same composite. Thus 


XA. 
3. Combinatorial properties of composites. It follows directly from 
the definitions that if T, and [. are composites of P and [, is a cover of 


r,(T, then the contraction =T.(). If T, +1. denotes the 
least common cover of T, and IT. then 


P.)(3) =7,(3) + (3). 
Concerning multiplication of composites we have the following 
THEOREM 3. Let T,. To. S and A be as in Theorem 2. Then 
4X (%) (4%) K (3). 
Let and R be determined as before, and let G, E, R, 
G, =H, XX R be the induced representations of %. Then it is immediate 
that G, K G. = (2, X RX E.) X R is the self-representation of = induced 
by RX It follows that 
T.(%) = X AX (2%). 
CoROLLARY 1. For any composites T,,T. we have 
(T, X F.)(3) (3). 


Since A contains the identity composite, =T, AXT:. The 
corollary then follows from Theorem 3. 


We also have the following partial converse of Theorem 2. 
CorotLary 2. Jf T, and YT, are simple composites such that 


AXT,XA=AXIr.XA 


then 
For 
(A XT, X A)(3) XT (3) K = 
Suppose now that f= (K,S,7) is a simple non-singular composite of P. 


Then (K: PS) = (K:P7) and so (K: 38) = (K: 37). Since S837 is a sub- 


field we have 


640 N. JACOBSON. 


(K: 35) = (K: S837) (S837: 3S) 
(K: 37) = (K: 3837) (3837: 
Hence (3837: 38) = (3837: 37). This proves that is non-singular. 


It is evident from the definition that ['(3) =I"(3). 


THEOREM 4. Jf T is a non-singular simple composite, then the con- 


fraction is non-singular and simple and 


4. The hypergroup of a separable field. We suppose now that P is 
finite and separable over a subfield ® and we let Hpjg denote the hypergroup 
of simple composites of P over ® (i.e., leaving the elements of ® fixed). 
We recall that /7pjg is finite and the least common cover of all the T; in Hpjg 
is the closed composite T of P over ® Any composite of P over ® is the least 
of certain of the T; in //pjg@ and by the distributive law 


common cover I 


we have (SI;,) X = X If we define the 
set T;,,T;,,°°: to be the product T,T. of the simple composites T, and T.. 
This operation is the hypergroup operation in Hpi. 

Let X be a field between P and ® and let Hpjy be the subhypergroup 


of Hpjg of simple composites of P over &. We recall that any subhypergroup 


tk 


of Hpjm is an Hpyy and that this correspondence is (1 1). If A is the 
closed composite corresponding to %, A= 3A;, Aj in [/pyy. 
Now if F, the contraction I’, = T1T,(%) is in the hypergroup // yj 


of & over ® By Theorem 1 any ™, in Hy; may be obtained in this way 
and by Corollary 1 (T, X T.)’ Thus the correspondence > 
is a homomorphism between the hypergroups Hpjg and /Ty\g. Kvidently the 


kernel of this homomorphism is Hpjy. Now let T, and Ty be two elements 


of such that Then by Theorem 2, 


AXP XA=AXKE KA. 


AXT, X A=3(4; XT, XA;) for Ay A; in Mpy. AXT, XA 


Since 
is the least common cover of all the elements in the double coset p)y 
ILence 

implies that H pps = Tell pps. Next let Toe Then 
XA and Since is simple, and so 
= This shows that two double cosets are either 
The double cosets of Hy ,y give 


identical or their intersection is vacuous. 
a division of Hpjq into mutually exclusive sets and those cosets define a 


factor hypergroup Hpjg 7 Hpyy. It is clear also that the double cosets of 
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Hyj@ are in (1—1) correspondence with the elements of // py, namely, 
each double coset is the inverse image of an element of H/y)q relative to the 
homomorphism between Hpjq and Hyjg. We consider now the product 
(H pis piy ) (7 pie The least common cover of the elements of 
this set is the composite AX T, K AX A. By Theorem 3, 

(AXT, XK X A)’ = (4 XK (AX T.)’ 
and since (AX T,)’ =I, and (A X T.)’ =I”, by the simplicity of T, and 
(AxXT,KAXT. xX It follows that the double cosets 
contained in the product (// py pis ) (1 pis ) are the double cosets 
corresponding to the elements of I”,I’.. Hence we have proved that 


(H pig Z Hp is isomorphic to 


TikoreM 5. Let P be finite and separable over ® and let & be a field 
between P and ®. Then the correspondence T; >; =T;(3) ts a homo- 
morphisin between the hypergroups Hpjq and Hyjq. The kernel of this 
homomorphism is Hp and the double cosets of Hpi form a hypergroup 


HH 4 H PS isomorphic lo Hy 


As has been shown by Dresher and Ore. //pjg 7 Hp)s is a group if and 
only if //py is strongly normal in //pjg in the sense that for any T,, 
A HT py. We recall also that is a group if and only if & 


is normal over ®. Hence we have 


THEOREM 6. Let P= where P is separable and finite over ®. 
Then & is normal over ® if and only if Ips ts strongly normal in Hpig. 
When the condition is satisfied IT pa VA Hyp ts tsomorphic to the Galois 


group Hy 4 of X over ®. 


Theorem 5 enables us to obtain very precise information on the nature 
of the hypergroup Hyg of a finite separable extension & of @ For we may 
extend to the finite separable and normal extension P over Then pig 
is a group isomorphic to the Galois group of P over & and Hpjy is the sub- 
group of //p@ corresponding to the Galois group of P over X. Thus the 
hypergroup //yq is a hypergroup of double cosets of a finite group. Such 
hypergroups are known to have many important special properties. They are, 
for example, completely regular in the sense that for any A, in [/yjq the 
only solutions of either of the equations A,A = {1,- - -} or AA, = {1,- - °} 
is A=A,-'. In the remainder of this paper we shall give a direct proof of 


this property based on some general theorems on inverses of self-representation. 
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5. Properties of the inverse of a self-representation. Let / be a non- 
singular self-representation of P of rank n and let E* be its inverse. Then if 
2” and = (aH*;;) we have the defining relations 


> jk = ij; > “ill jx 
k 


where 6;; is the 0 endomorphism or the identity according as i= j or i= j. 
Suppose that 3 is the double P-module and 2,,---,2, a right P-basis giving 
rise to H, so that ax; = S2;(aH;;). Then 2,,---,a, is also a left P-basis. 
Similarly in the inverse double P-module 8t-' we have a basis «°*,,---,2*,, 
such that aa*; = 32*;(«#*;;). Finally we let W’ be the double P-module 
corresponding to the transposed representation KH’ and let 2’,,---.2’, be a 
right P-basis such that aa’; = %2’;(aHi;). Consider the product module 
HW A right basis for this module is a’,a*;, =1,:--,7. Thus 
the element u = 32’jx*; 0 in $. Moreover the following relations hold: 


Evidently the vector Up = 3(2’ip)a*; also satisfies the relation xup = up. 
Suppose now that (K,7,S) is the composite of L* and let (4: PS) =m. 

ven there exist m elements p;,° in such tha matrices 
Tl t] t lements p f P h that tl t 


+, are linearly independent over P. We assert that the vectors 


are linearly independent. Vor if = 0, = 0 for all 1,7 and 
so Sp:2"£;=0. Hence each £; 0. If we choose a right basis of P to be 


Up,» °°, Up, and n*—-m other vectors, the associated self-representation is 


m 
- 
| 
| J 


and this representation is similar to kL’ & h* 
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THEOREM 6. Let EH be a non-singular self-representation of a field P. 
k* its inverse and Kk’ its transposed. Then if (K: PS) =m for the composite 
(K,T,8) of E*, the identity self-representation occurs as an irreducible 
component of E’ & E* with a multiplicity r= m. 


We suppose now that P is finite and separable over @ and let FE be an 
irreducible self-representation of P over ® (leaving the elements of ® fixed). 
We know that the composite T, = (K,,8,,7,) associated with F is simple. 
and it follows from this that / is similar to the self-representation obtained 
by regarding K, as a double P-module. Hence rank 2 = (K,: P™) =m 
and since is non-singular, (K,:P™) = (K,: P“:). 

We assume now that F# is non-singular and let R be the regular repre- 
sentation of P over ®. Consider the self-representation RX I. Since the 
elements ®, =: 1,, so that is similar to the direct sum 
of FR with itself taken m times. We recall that R is completely reducible. 
that any irreducible self-representation of P over ® is similar to one of the 
components of # and that no two components of Ff are similar. It follows 
from this that the identity has the multiplicity m in R & EF. On the other 
hand, by Theorem 6, (2*)’ & EF contains the identity with multiplicity 
r=m. Since (2*)’ may be taken to be one of the irreducible components 
of R, we see that the multiplicity of the identity self-representation in 
(£*)’ X FE is m and if @ is any irreducible self-representation of P over ® 
such that GX F contains the identity, then @ is similar to (#*)’ and 
hence to 

Now let # be an arbitrary irreducible self-representation of P over ® and 
let F be any irreducible self-representation of P over ® with composite T,"'. 
Then by replacing /# and F by similar self-representations, we see that F X 
contains the identity as an m-fold component and if @ is irreducible with 
composite ~T,', GX FH does not contain the identity as a component. 
By symmetry we see also that F X F contains the identity as an m-fold com- 
ponent and if G does not have the composite T',-’, E X G@ does not contain the 


identity. This proves the following theorem. 


THEOREM 7. Let P be finite and separable over ® and let E be an trre- 
ducible self-representation of rank m of P over ® Then if F is an irreducible 
self-representation of P over ® whose composite is the inverse of the composite 
of E, EX F and F X E contain the identity as an m-fold component. If G 
is an irreducible self-representation of P over ® with composite different from 
the inverse of the composite of BE, then EX G and GX EF do not contain 


the identity as a component. 
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THEOREM 8. Let P be finite and separable over ® and let T, ¢ Hpig . 
Then and and if is any element of Hpig neither 
nor T.T, contain the identity. 


This result amounts to the statement that H pig is a completely regular 


hypergroup. 
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GALOIS THEORY OF PURELY INSEPARABLE FIELDS OF 
EXPONENT ONE.* 


By N. JACOBSON. 


Let P be a purely inseparable extension of finite dimensionality of a field ®. 
Then P = ®(2;,°--. 2), where 7; = & is in ® and p is the characteristic 
of ®. Without loss of generality we may assume that (P : = p™. Let 


D(#) denote the set of derivations of P over ®.1 Then ®D is a vector space 


of dimensionality m over P the set of multiplications B : €— €@ in P and D 
is closed under commutation and under the operation of taking p-th powers. 
We call any set © of derivations in P having these closure properties a 
restricted P-Lie ving of derivations. We shall call © finite if (& : P) is finite. 
In a previous paper * we set up a (1 —1) correspondence between the fields = 
between P and ® and the restricted P-Lie rings of derivations contained in 2. 
In this note we obtain the following results: 1) the only elements of P that 
are constants relative to all the derivations in D are the elements of ®; and 
2) if D is any finite restricted P-Lie ring of derivations in P and ® is the 
subfield of D-constants, then P is finite and purely inseparable of exponent 1 
over ® and @D is the complete set of derivations of P over ®. Thus we have 
an order anti-isomorphism between the subfields ® over which P is finite and 
purely inseparable of exponent 1 and the finite restricted P-Lie rings D of 
derivations in P. This, of course, contains our earlier result. The improve- 
ment obtained here, analogous to that of Artin and Baer in the ordinary 
Galois theory, consists in showing that D and © serve equally well as starting 
points of the Galois theory. We remark that the determination of the structure 
of finite restricted P-Lie rings of derivations is a consequence of our results. 
Our proofs are based on theorems on self-representations of fields recently 
obtained by the author.’ 


* Received April 27, 1944. 

‘For the definition of a derivation and the properties quoted in this paragraph, 
see the author’s “ Abstract derivation and Lie algebras,” Transactions of the American 
Mathematical Society, vol. 42 (1937), pp. 206-224. This paper is referred to as D. 

p. 220. 

* See “ An extension of Galois theory to non-normal and non-separable fields,” this 
Journal, vol. 66 (1944), pp. 1-29. We refer to this paper as E. 
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1. Let 2m), = & in ® and let (P : &) = p™ where 
p is the characteristic of ©, and let D(®) be the restricted P-Lie ring of 


derivations of P over ® If De® the correspondence 


a aD 
(1) 


is a self-representation of P whose field of fixed elements contains ®. We recall 
that there exists a derivation D such that the field of D-constants is ®.* 
Let D have this property. Then the subfield of fixed elements under (1) is 
precisely @. Then by Theorem 13 of E.* any linear transformation in P over 
® is a polynomial in D with coefficients in P. Consider the sequence 1, D. 
D?,--- and let D” be the first of these transformations that is right linearly 
dependent over P on 1,D,---,D*". Then any polynomial in D and hence 
any linear transformation in P over ® may be written in one and only one 
way in the form By + DB, +:-:+ D™£,.. Thus if 2 denotes the complete 
<et of linear transformations of P over (2: P) =r. Since (P : =p” 
this gives (2 : ®) == p”r. On the other hand, as is well known, (P : ©) = p™ 
implies that (2: ®) Hence r =p”. Now the linear transformations 


(2) E = DB, + Dep, + + De By 
are derivations and since their totality is an m-dimensional space over P, 
this totality coincides with D. We have therefore proved 


LemMMA 1. Jf Disa derivation in P over ® such that the only D-constants 
are the elements in ® then any derivation E in P over ® is a p-polynomial (2) 
in D with coefficients (on the right) in P.* 


We shall require also the following 


Lemma 2. If € isa restricted P-Lie subring of D, there exists a deriva- 
tion E in & such that any derivation in D is a p-polynomial over P in E.® 


As a consequence we have 


LEMMA 3. If & is a restricted P-Lie subring of D whose field of con- 
slants is ®, then € =®. 


‘This result is due to Baer, “ Algebraische Theorie der differentierbaren Funk- 
tionenkorper. I,” Sitzwngsberichte Heidelberger Akad., 1927, pp. 15-32. Cf. also the 
author’s paper “ Classes of restricted Lie algebras of characteristic p, II,” Duke Mathe 
matical Journal, vol. 10 (1943), p. 111. 

* This is proved in D. p. 218 by using the theory of linear differential equations. 

*D, p. 219. 
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For the field of €-constants is evidently the same as the field of H-constants. 
Thus £ is a derivation of P whose field of constants is ® and by Lemma 1] 


any derivation in P over ® is a p-polvnomial in £. 


2.. We suppose now that P is any field of characteristic p40 and let D 
he any finite restricted P-Lie ring of derivations in P. Let D,,---, Dm be a 
(right) P-basis of D and let 9 be the smallest ordinary ring of endomorphisms 


in P containing D and P. Then we have 
LEMMA 4. & is finile dimensional over P. 


Proof. Let Y denote the totality of endomorphisms of the form 
Where 0S ki < p and we set = 1. Evidently 
>A’ =D. P. Since D; is a derivation for any 8, BD; = DiB + BD; and 
since D is a restricted P-Lie ring, dD; D; = DD; > and D?= Djpji- 
It is readily seen from these relations that %’ is a ring. Hence 1’ = %& and 
since any element in this ring is a linear combination of the p™ elements 
- - P) <= 


We may now prove the following 


THEOREM. Let D be a finite restricted P-Lie ring of derivations in P 
and let © be the subfield of D-constants. Then P is finite and purely inseparable 
of exponent 1 over'® and D is the complete set of derivations of P over ®. 


As above we let D,,: - -.Dm be a P-basis of D and we form the self- 
representation 


( a aD, >) 
0 4 
a aD. 


(3) 


Q a 


J 
The field of fixed elements relative to this representation is ®. By substituting 
for the elements 8 of the matrices in (3) the matrices B” we obtain the self- 
representation X EH. We write the resulting matrices as —= (aH 
and note that the endomorphisms include 1, Dj, DiDj, 1, 
Similarly we form the product F FE X EF and obtain — 


4 
is 
e 
is 
> 
[- 
= 
1e 
‘ 4 
{ 
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where the include 1, Dj, Di Dj, Di: DjD,. Continuing in this way we 
obtain finally a self-representation / = / x --- X E whose endomorphisms 
include all the elements D,™---D)», 0 Ski <p. Since these elements 
generate the ring % it follows that the composite associated with F’ is closed 
and hence P is finite over the field of fixed elements under F.’ Since this 
field is the same as the field ® of fixed elements under FL, (P : ®) is finite. 
Now let 2 be any element of p and let DeD. Then a? D—0. Hence x 
is in ® and P has exponent 1 over ®. This proves the first part of the theorem. 
The second part of the theorem is an immediate consequence of Lemma 8. 
We remark that by the above theorem and a previous result * we obtain the 


CoroLtary. Let D be a finite restricted P-Lie ring of derivations in P 
and let ® be the subfield of D-constants. Then unless P=®(2), 2? =€&14 


D is a simple Lie algebra over ®. 


> 


Now by Lemma 1, if P= -,am), = & in and D is the 
derivation ring of P over , then ® is the field of D-constants. This completes 
the proof of the (1— 41) correspondence between the subfields © of P over 


which P is finite and purely inseparable of exponent 1 and the finite restricted 
P-Lie rings D(®) in P. Evidently if P=2=® then D(X) = D(#) and 


conversely. 


THe JoHNs HopKINsS UNIVERSITY. 


*D, p. 218. 
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We have attempted to give a quite elementary and self-contained account 
of the theory of group representations with special reference to those groups 
(particularly the symmetric group and the rotation group) which have turned 
out to be of fundamental significance for quantum mechanics (especially 
nuclear physics). We have devoted particular attention to the theory of group 
integration (as developed by Schur and Weyl) ; to the theory of two-valued 
or spin representations; to the representations of the symmetric group and 
the analysis of their direct products; to the crystallographic groups; and to 
the Lorentz group and the concept of semi-vectors (as developed by Einstein 
and Mayer). —Extract from Preface. 
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Everyone who uses the method of correlation has wished for tables from which the 
probable error of a coefficient of correlation could be obtained with accuracy. Similar 
tables to this have existed on a small scale, but never before have there been available 


tables of 1— +” and V1 —#’* to 6 places of decimals, and 4 places in the argument. 
Not only are these tables of great usefulness in getting the probable error of a correlation 
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seduce the labor involved in this widely used statistical method by at least one-half. 
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